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In this paper, we introduce the concept of (weak) NL bialgebras.
These structures consist of a Lie bialgebra (g, [·, ·], δ) equipped with
a Nijenhuis structure on the Lie algebra (g, [·, ·]), satisfying spe-
cific compatibility conditions. This construction is analogous to
Poisson-Nijenhuis structures studied in the context of integrable
systems. We further investigate NL bialgebras that generate a com-
patible hierarchy of bialgebras, both on the original Lie algebra
and its deformed versions, through the Nijenhuis structure of any
order. Additionally, we demonstrate that the underlying algebraic
structure of a particular case of the Euler-top system is a weak NL
bialgebra.
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1408 Z. Ravanpak

1. Introduction

Poisson-Nijenhuis (PN) structures on manifolds were introduced by Magri
and Morosi [15] (see also [12]). These structures generate a compatible hier-
archy of Poisson structures through a recursion operator and are significant
in integrable systems theory. More precisely, they generalize the concept of
bi-Hamiltonian systems, providing a rich framework for the exploration of
integrability of Hamiltonian dynamics.

In this paper, we study this approach within the context of Lie bialge-
bras. Specifically, given a Lie bialgebra (g, [·, ·], δ) with a Nijenhuis operator
on the Lie algebra (g, [·, ·]), we analyze the compatibility conditions required
to establish a compatible hierarchy of Lie bialgebras, both on the original
Lie algebra and on iteratively deformed Lie brackets, utilizing the Nijenhuis
structure of every order. We introduce the term (weak) NL bialgebra, to
describe this structure.

These structures contribute to understanding the interplay between Nijen-
huis operators and Lie bialgebras. They reveal how compatibility conditions
facilitate the construction of a series of compatible Lie bialgebras. This
exploration enhances the understanding of the algebraic framework under-
lying integrable systems. It contributes to the broader field of mathematical
physics by establishing connections between these algebraic structures and
their applications in various dynamical systems.

Some Lie bialgebras, referred to as coboundary Lie bialgebras, are derived
from solutions of the classical Yang-Baxter equation on a Lie algebra. These
solutions are significant in the theory of integrable systems, establishing a
compelling link between integrable systems and Poisson-Lie groups [21, 22].
Moreover, we explore the interplay between coboundary Lie bialgebras and
Nijenhuis structures, revealing their significance as examples of NL bialge-
bras.

There are numerous studies in the literature that examine the interplay
between Nijenhuis structures and other mathematical frameworks, such as:
[2, 10, 14, 20, 23] .

The infinitesimal counterpart of PN groupoids are introduced in the
work by A. Das [4]. They are characterized by Lie bialgebroids with a linear
endomorphism, together with the linear Poisson structure on the dual Lie
algebroid, which form again a PN structure. However, our approach is not
primarily geometric; rather, we aim to explore the hierarchy of deformations
from a fundamentally algebraic perspective, starting with the cohomology
of Lie algebras.
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Our perspective on NL bialgebras also differs from the concept of Lie-
Nijenhuis bialgebroids introduced in [7], where the latter describes Lie bial-
gebroids with a generalized derivation of degree one providing an infinites-
imal explanation of PN groupoids. NL bialgebras, on the other hand, are
characterized within a distinct algebraic framework, focusing on 1-cocycles
in the cohomology of Lie algebras defined by deformed Lie brackets.

It is well-known that for a PN structure on a manifold M , the tangent
bundle TM equipped with the Lie algebroid bracket [·, ·]N and the cotan-
gent bundle T

∗M equipped with the Lie algebroid bracket [·, ·]Π form a Lie
bialgebroid [13, 16]. In the theory of PN structures, the Nijenhuis structure
is considered on the tangent bundle of the ambient space where the PN
structure resides. In contrast, for NL bialgebras, the Nijenhuis structure is
defined directly on the Lie algebra itself. In our case, given an (almost) NL
bialgebra (g, [·, ·], δ, n), one can apply the Kirillov-Kostant-Souriau (KKS)
Poisson bracket on g∗. Consequently, the structure ((g, [·, ·]n), (g

∗, [·, ·]g∗))
forms a Lie algebroid over a point.

We remark that the theory of deformations of Lie algebras, see ([8, 18]),
and of Nijenhuis deformations (N-deformations) of Lie algebras in our paper
are related, but distinct concepts. In fact, the brackets [·, ·]n, which are
deformed by a linear operator n on g in our work, represent trivial infinites-
imal deformations in the context of the general theory of deformations of
Lie algebras. Specifically, we have

[ξ1, ξ2]t = [ξ1, ξ2] + t[ξ1, ξ2]n + (higher order terms), t ∈ R ,

where [ξ1, ξ2]t defines a Lie algebra structure on g isomorphic to that defined
by [ξ1, ξ2]. Indeed, [·, ·]n is a coboundary, [·, ·]n = ∂n, in the Chevalley-
Eilenberg cochain complex with values in g, and thus it corresponds to a
zero cohomology class in H2(g, g). In Subsection 5.4, we demonstrate that
the semi-simple real Lie algebra so(3) can be non-trivially N -deformed—
not in the general sense of deformation of the Lie algebras— into the Lie
algebra sl(2,R) using an almost Nijenhuis structure. We will maintain the
convention established by Kosmann-Schwarzbach and Magri, as noted in
their work [12], to refer to [·, ·]n—with a slight abuse of terminology—as a
deformed Lie bracket when n is (almost) Nijenhuis.

Our motivation arises from the importance of bi-Hamiltonian systems
within the context of Poisson-Lie groups. The infinitesimal counterpart of
a Poisson-Lie group is a Lie bialgebra. Conversely, the adjoint one-cocycle
associated with a Lie bialgebra induces a unique Poisson structure that
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1410 Z. Ravanpak

is compatible with the group multiplication on a connected, simply con-
nected Lie group that integrates the Lie algebra. Consequently, a compatible
hierarchy of Lie bialgebras on a Lie algebra leads to a family of compati-
ble multiplicative Poisson structures on the corresponding Lie group. These
compatible Poisson structures are essential for constructing bi-Hamiltonian
systems, which, under certain conditions, are completely integrable [12].

Consequently, (weak) NL bialgebras play a significant role in the theory
of integrable systems. In particular, the structures arising from (weak) NL
bialgebras can be used to construct integrable models in classical mechan-
ics. The added flexibility provided by the Nijenhuis operator facilitates the
development of new integrable systems and solutions. Furthermore, they
generalize the concept of bi-Hamiltonian systems to a class where the alge-
braic structures are (weak) NL bialgebras.

The structure of this paper is as follows: Section 2 reviews definitions
and fundamental results on Poisson-Nijenhuis structures, Lie bialgebras,
and coboundary Lie bialgebras derived from solutions to the classical Yang-
Baxter equation. In Section 3, given a Lie bialgebra (g, [·, ·], δ) and a Nijen-
huis structure on the Lie algebra (g, [·, ·]), we introduce three types of defor-
mation for the corresponding 1-cocycle. Subsequently, we define almost NL
bialgebras and (weak) NL bialgebras (g, [·, ·], δ, n). Section 4 delves into
coboundary Lie bialgebras obtained from solutions of the classical Yang-
Baxter equation, with a focus on the role of the Nijenhuis operator. In Sec-
tion 5, we discuss the hierarchy of structures and present additional results
on NL bialgebras, which lead to a compatible hierarchy of Lie bialgebras.
We apply our findings to a well-known dynamical system, a particular case
of the Euler-top, demonstrating that the underlying algebraic structure of
so(3) Euler-top dynamics is a weak NL bialgebra. Finally, a concluding sec-
tion closes the paper.

2. Poisson-Nijenhuis structures and
(coboundary) Lie bialgebras

In this section, we will review fundamental definitions and results about
Poisson-Nijenhuis structures on manifolds, Lie bialgebras and solution of
the classical Yang-Baxter equation (for more details, see [11, 12]).

2.1. Poisson-Nijenhuis structures on Manifolds

A Poisson-Nijenhuis structure (Π,N) on a manifold M consists of
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• A Poisson structure on M , i.e. a bivector field Π on M for which

[Π,Π] = 0,

where [·, ·] is the Schouten-Nijenhuis bracket. The Poisson structure Π
induces a vector bundle map from the cotangent bundle T∗M of M on
the tangent bundle TM of M , which we will denote by Π♯ : T∗M →
TM , given by

⟨α,Π♯(β)⟩ = Π(α, β), for α, β ∈ T
∗
xM and x ∈ M.

• A Nijenhuis structure on M , i.e. a (1, 1)-tensor field N : TM → TM

whose Nijenhuis torsion [[N,N]] is zero. [[N,N]] is a (1, 2)-tensor field on
M which is defined as

[[N,N]](X,Y ) = [NX,NY ]−N[NX,Y ]−N[X,NY ] + N2[X,Y ],

∀X,Y ∈ X(M) .

satisfying two compatibility conditions

N ◦Π♯ = Π♯ ◦ tN ,

(1)
C(Π,N)(α, β) = LΠ♯α(

tNβ)− LΠ♯β(
tNα) + tNLΠ♯βα− tNLΠ♯αβ

+ d
〈

α,NΠ♯β
〉

+Ntd
〈

α,Π♯β
〉

, α, β ∈ Ω1(M) .

Here, tN is the dual (1, 1)-tensor field to N and C(Π,N) is the so-called the
concomitant of Π and N. The concomitant C(Π,N) is a (2, 1)-tensor field on
M .

An important fact is that with a Poisson-Nijenhuis structure (Π,N) on
M one may produce a hierarchy of Poisson structures Πk, k ∈ N ∪ {0} (with
Π0 = Π) which are compatible, that is,

[Πk,Πl] = 0, for k, l ∈ N.

The Poisson structure Πk in this hierarchy is characterized by the condition

Π♯
k = Nk ◦Π♯, for k ∈ N, k ≥ 1.

Indeed, the pair (Π,Nk) is a Poisson-Nijenhuis structure on M .
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2.2. Lie bialgebras

Before defining a Lie bialgebra, it is essential to review some fundamental
concepts in the cohomology of Lie algebras.

Let (g, [·, ·]) be a finite dimensional Lie algebra over the field of real
number and consider a representation of g on a vector space V, i.e. an R-
bilinear map · : g× V → V such that

[ξ1, ξ2] · v = (ξ1 · (ξ2 · v))− (ξ2 · (ξ1 · v)), for all ξi ∈ g and v ∈ V.

The cohomology associated with this representation on the Lie algebra g is
defined as follows:

If k is an arbitrary nonnegative integer, the space Ck(g, V ) of k-cochains
of g with values on V is the set of skew-symmetric k-linear maps ck : g×
· · · × g → V. The 0-cochains are just the elements of V . The coboundary
operator ∂ : Ck(g, V ) → Ck+1(g, V ) of this cohomology is the linear map
given by

(2)

(∂ck)(ξ0, ...ξk) =

k
∑

i=0

(−1)iξi · ck(ξ0, ..., ξ̂i, ..., ξk)

+

k
∑

i,j=0
i<j

(−1)i+jck([ξi, ξj ], ξ0, ..., ξ̂i, ..., ξ̂j , ..., ξk),

where ck is a k-cochain and ξ0, ..., ξk ∈ g. It is straightforward to prove that
∂2 = 0 and therefore (C•(g, V ), ∂) forms a cohomology complex.
Two specific cases of this construction that we address in this paper are:

• The algebraic cohomology of a Lie algebra (g, [·, ·]), which is defined
as the cohomology associated with the trivial representation of g on
R. In this case the 1-cochains correspond to the elements of g∗. If d
is the differential for this cohomology, then, for all α ∈ g∗ and ξi ∈ g,

dα(ξ1, ξ2) = −α([ξ1, ξ2]).

• Let V := ∧pg be the vector space of the skew-symmetric n-linear maps
on g∗. We consider the extension ad(p) : g× ∧pg → ∧pg of the adjoint
representation ad of g to the space ∧pg. For all ξ ∈ g and ηi ∈ g∗, it is
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defined by

(3)

ad
(p)
ξ (P )(η1, . . . , ηk) = [[ξ, P ]](η1, . . . , ηp)

=

p
∑

i=1

P (η1, . . . , ad
∗
ξηi, . . . ηp) , P ∈ ∧pg .

Here [[·, ·]] is the algebraic Schouten-Nijenhuis bracket for the Lie alge-
bra (g, [·, ·]).

Definition 2.1. A k-cochain δ is called a k-cocycle if ∂δ = 0.

For instance, a 1-cochain δ : g → ∧pg in the cohomology induced by the
representation ad(p) is a 1-cocycle if

(4) ∂δ(ξ1, ξ2) = ad
(p)
ξ1

(δξ2)− ad
(p)
ξ2

(δξ1)− δ[ξ1, ξ2] = 0 , ∀ξi ∈ g .

Definition 2.2. A Lie bialgebra is a Lie algebra (g, [·, ·]), with an additional
linear map δ : g → ∧2g such that:

(i) δ is a 1-cocycle for the cohomology defined by the representation ad(2) :
g× ∧2g → ∧2g,

(ii) the dual map [·, ·]g∗ := δt : g∗ × g∗ −→ g∗ of δ is a Lie bracket on g∗.

We will denote a Lie bialgebra by the triple (g, [·, ·], δ); however, we some-
times refer to it using the pair of Lie algebras (g, g∗).

Note that δ is, up to a sign, the algebraic differential associated with the Lie
algebra (g∗, [·, ·]g∗).
If (g, [·, ·]) is a Lie algebra and we have any Lie bracket [·, ·]g∗ on g∗ then,
using (4), one can see (g, [·, ·], δ) , where δ = ([·, ·]g∗)t, is a Lie bialgebra if
and only if

(5)
[η1, η2]g∗([ξ1, ξ2]) = [ad∗ξ1η1, η2]g∗(ξ2) + [η1, ad

∗
ξ1
η2]g∗(ξ2)

−[ad∗ξ2η1, η2]g∗(ξ1)− [η1, ad
∗
ξ2
η2]g∗(ξ1),

for all (ξ1, ξ2, η1, η2) ∈ g× g× g∗ × g∗, where ad∗ : g× g∗ → g∗ is the coad-
joint action. Indeed, if δ = ([·, ·]g∗)t, we deduce that

(6) δ([ξ1, ξ2])(η1, η2) = [η1, η2]g∗([ξ1, ξ2]).
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Moreover, using (3), we have that
(7)

ad
(2)
ξi

(δξj)(η1, η2) = [[ξi, δξj ]](η1, η2) = [ad∗ξiη1, η2]g∗(ξj) + [η1, ad
∗
ξi
η1]g∗(ξj).

Finally, from (4), (6) and (7) we conclude (5).

2.3. Coboundary Lie bialgebras

A coboundary Lie bialgebra is a specific type of Lie bialgebra character-
ized by the existence of a coboundary structure. Let (g, [·, ·]) be a finite-
dimensional Lie algebra over the field of real numbers.

Definition 2.3. A k-cochain δ, k ≥ 1, of g with values on V , is called a k-
coboundary if there exists a (k − 1)-cochain r, such that δ = ∂r. It is obvious
that any k-coboundary is a k-cocycle.

Definition 2.4. A Lie bialgebra (g, [·, ·], δ) is called coboundary if 1-cocycle
δ is the coboundary of an element r ∈ ∧2g , i.e. δ = ∂r, in the cohomology
induced by the representation ad(2). We indicate a coboundary Lie bialgebra
by (g, [·, ·], δr).

Let r ∈ ∧2g a 0-cochain on the cohomology defined by the representation
ad(2) of (g, [·, ·]). The bilinear map r : g∗ × g∗ → R induces a linear map
r♯ : g∗ → g given by

r♯(η1)(η2) = r(η1, η2),

for ηi ∈ g∗. For simplicity we denote the linear map r♯ by r.
In what follows, we will see the sufficient condition for δr to define a Lie
bracket on g∗. Let r ∈ ∧2g be an r-matrix for the Lie algebra (g, [·, ·]), i.e. a
solution of the classical Yang-Baxter equation

[[r, r]] = 0 ,

for more detail see [11]. Now, we consider the 1-cocycle δr = [[·, r]] : g → ∧2g

associated with r-matrix r on the cohomology defined by the representation
ad(2) of (g, [·, ·]) by

(8) δr(ξ)(η1, η2) = η1[ξ, rη2]− η2[ξ, rη1] .
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In fact, using the graded Jacobi identity of [[·, ·]], we have

δr([ξ1, ξ2]) = [[[ξ1, ξ2], r]] = [[ξ1, [[ξ2, r]]]]− [[ξ2, [[ξ1, r]]]]

= ad
(2)
ξ1

δr(ξ2)− ad
(2)
ξ2

δr(ξ1)

for all ξi ∈ g. Then, the corresponding bracket δtr = [·, ·]r : g
∗ × g∗ → g∗

deduced from δr on g∗ is given by

(9) [η1, η2]r = ad∗
rη1

η2 − ad∗
rη2

η1 ,

equivalently,

(10) [η1, η2]r(ξ) = [[ξ, r]](η1, η2) = η2([ξ, rη1])− η1([ξ, rη2]) ,

for all ηi ∈ g∗ and ξ ∈ g . The skew-symmetric bracket [·, ·]r = δtr : g
∗ × g∗ →

g∗ on g∗ given by (10) is a Lie bracket. Indeed, from (10) and Proposition 2.5,
we deduce that

[[ηi, ηj ]r, ηk]r(ξ) = [ηi, ηj ]r([ξ, rηk])− ηk([ξ, r[ηi, ηj ]r])

= ηi([[ξ, r ηk], rηj ])− ηj([[ξ, rηk], rηi])−ηk([ξ, [rηi, rηj ]]) ,

for all i, j, k ∈ {1, 2, 3} and ξ ∈ g. Now, using the Jacobi identity of the Lie
bracket [·, ·], we deduce that [·, ·]r is a Lie bracket.

The following result characterizes the solutions of Yang-Baxter equations
in terms of the linear map r, for more detail see [11].

Proposition 2.5. Let (g, [·, ·]) be a Lie algebra and r an element of ∧2g.
Then, the following are equivalent:

1) r is a solution of the classical Yang-Baxter equations.

2) r([η1, η2]r) = −[rη1, rη2], for all ηi ∈ g∗, where [·, ·]r is the bracket defi-
ned by (10).

Proof. The condition [[r, r]] = 0 is equivalent with the relation

η1([rη2, rη3])− η2([rη1, rη3]) + η3([rη1, rη2]) = 0,

for all ηi ∈ g∗. On the other hand, using the anti-symmetric property of r
and (10), we have

η3(r[η1, η2]r) = −[η1, η2]r(rη3) = η2([rη1, rη3])− η1([rη2, rη3]).
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From the two previous relations, we deduce the proposition. □

Corollary 2.6. Let (g, [·, ·]) be a Lie algebra and r ∈ ∧2g a solution of
the classical Yang-Baxter equation. Then (g, [·, ·], δr) is a coboundary Lie
bialgebra, where δr = ([·, ·]r)

t and [·, ·]r is the bracket given by (10).

3. Deformation of Lie algebras and Lie bialgebras

In this section, we explore three types of deformation of the corresponding
1-cocycle associated with a Lie bialgebra (g, [·, ·], δ), utilizing an (almost)
Nijenhuis structure on the Lie algebra (g, [·, ·]). Under certain conditions,
these deformations yield new 1-cocycles.

3.1. One-cocycle on a deformed Lie algebra

Consider a Lie algebra (g, [·, ·]) and suppose we have a linear operator n :
g → g on it. The linear map n defines a skew symmetric deformed bracket
on g by

(11) [ξ1, ξ2]n = [nξ1, ξ2] + [ξ1, nξ2]− n[ξ1, ξ2] ξi ∈ g ,

and the Nijenhuis torsion of n with respect to the Lie bracket [·, ·] is given
by

(12) [[n, n]](ξ1, ξ2) = n[ξ1, ξ2]n − [nξ1, nξ2] ξi ∈ g .

The linear map n is almost Nijenhuis if [[n, n]] is a 2-cocyle, in the cohomology
complex induced by the adjoint representation of (g, [·, ·]), and it is Nijenhuis
if [[n, n]] = 0.

Proposition 3.1. Let (g, [·, ·]) be a Lie algebra and n : g → g a linear oper-
ator on g. Then, n is almost Nijenhuis if and only if [·, ·]n is a Lie bracket.
In such a case [·, ·] and [·, ·]n are compatible Lie brackets, i.e. [·, ·] + [·, ·]n is
a new Lie bracket.
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Proof. Using (11), (12) and the Jacobi identity, after a straightforward com-
putation, we obtain

∂[[n, n]](ξ1, ξ2, ξ3) = [ξ1, [[n, n]](ξ2, ξ3)]− [ξ2, [[n, n]](ξ1, ξ3)]

+ [ξ3, [[n, n]](ξ1, ξ2)]− [[n, n]]([ξ1, ξ2], ξ3)

+ [[n, n]]([ξ1, ξ3], ξ2)− [[n, n]]([ξ2, ξ3], ξ1)

= [[ξ1, ξ2]n , ξ3]n + [[ξ3, ξ1]n , ξ2]n + [[ξ2, ξ3]n , ξ1]n,

for all ξi ∈ g, where ∂ denotes the differential induced by the adjoint rep-
resentation of the Lie bracket [·, ·]. If n is an almost Nijenhuis operator
then using that [·, ·]n and [·, ·] satisfy the Jacobi identity for (ξ1, ξ2, ξ3),
(nξ1, ξ2, ξ3), (ξ1, nξ2, ξ3) and (ξ1, ξ2, nξ3), we deduce that [·, ·] + [·, ·]n is a
Lie bracket. □

Remark 3.2. Note that the Nijenhuis torsion measures the failure of the
linear map n to define a Lie algebra homomorphism n : (g, [·, ·]n) → (g, [·, ·]).

We denote the adjoint representation of the Lie algebra (g, [·, ·]n) by adn :
g× g → g. It is defined by

(13) adnξ = [adξ, n] + adnξ , ξ ∈ g ,

where [adξ, n] = adξn− nadξ. For the simplicity we denote this commutator
by

(14) ad ξ := [adξ, n] .

The coadjoint representation of the deformed Lie bracket [·, ·]n is then defined
by

(15) (adnξ )
∗ = [tn, ad∗ξ ] + ad∗nξ , ξ ∈ g ,

where

(16) ad∗ξ := [tn, ad∗ξ ] =
tnad∗ξ − ad∗ξ

tn .

Definition 3.3. A linear operator n on the Lie algebra g and the adjoint
representation of g are compatible if C(n, ad) ≡ 0, where

(17)
C(n, ad)(ξ1, ξ2) = [[adξ1 , n], [adξ2 , n]] + [adn[ξ1,ξ2], n]

− [adξ1 , [adnξ2 , n]− [[adnξ1 , n], adξ2 ] .
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It is easy to see C(n, ad) ≡ 0 if and only if [·, ·]n is a Lie bracket on g. When
n is a Nijenhuis operator, the deformed bracket is a Lie bracket and adn is
a representation of the Lie algebra (g, [·, ·]n) and so C(n, ad) ≡ 0.

We will adopt the following notation:
For any linear map Φ : g → g, we denote its transpose map by φ := tΦ :
g∗ → g∗. We then define the operator ιϕ : ∧kg → ∧kg, by

(18) (ιϕP )(η1, . . . ηk) =

k
∑

i=1

P (η1, . . . , φ(ηi), . . . , ηk) ,

for all ηi ∈ g∗ and P ∈ ∧kg.

Lemma 3.4. The assignment Φ 7→ ιϕ defines an anti-automorphism: gl(g)→
gl(∧kg), that is

(19) ι[ϕ1,ϕ2] = −[ιϕ1
, ιϕ2

] .

Proof. The proof is straightforward by using

(20)

ιϕ1ϕ2
P (η1, . . . ηk) = ιϕ2

ιϕ1
P (η1, . . . ηk)

−
∑

i,j=1,i ̸=j

P (η1, . . . , φ1ηi, . . . , φ2ηj , . . . , ηk) .

□

Now, let (g, [·, ·], δ) be a Lie bialgebra and n a Nijenhuis operator on (g, [·, ·]).
We consider δ as a cochain in the deformed cohomology, the cohomology
induced by (adn)(2) on the Lie algebra (g, [·, ·]n). In this context, to denote
the specific cohomology being considered, we write δn : g → ∧2g. By defini-
tion, δn is a 1-cocycle in the deformed cohomology if and only if ∂δn ≡ 0,
i.e.

(21)
∂δn(ξ1, ξ2) = ι[tn,ad∗

ξ1
]δ(ξ2)− ι[tn,ad∗

ξ2
]δ(ξ1)

+ ad
(2)
nξ1

δ(ξ2)− ad
(2)
nξ2

δ(ξ1)− δ[ξ1, ξ2]n = 0 .

In this case, δn defines a new Lie bialgebra (g, [·, ·]n, δ
n). Note that δ and δn

satisfy the same defining conditions, even though for different Lie algebras.
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3.2. Deformation of a one-cocycle on a Lie algebra:
almost NL bialgebras

Let (g, [·, ·], δ) be a Lie bialgebra and n : g → g an (almost) Nijenhuis opera-
tor on (g, [·, ·]). If tn : g∗ → g∗ is an (almost) Nijenhuis structure on g∗ then
we have a new Lie bracket on the dual Lie algebra g∗ defined by

(22) [η1, η2]
tn = [tnη1, η2]g∗ + [η1,

tnη2]g∗ − tn[η1, η2]g∗ , for all ηi ∈ g∗.

Therefore, we have a new pair of Lie algebras ((g, [·, ·]), (g∗, [·, ·]
tn)). The

goal is to look for the condition that this defines again a Lie bialgebra. We
denote δtn the deformed 1-cocycle by tn associated with this Lie bialgebra.
Note that for the sake of simplicity, we use the notation [·, ·]

tn instead of
[·, ·]

tn
g∗ .

Proposition 3.5. Let (g, [·, ·]), δ) be a Lie bialgebra and n : g → g (respec-
tively, tn : g∗ → g∗) an (almost) Nijenhuis operator on the Lie algebra (g, [·, ·])
(respectively, (g∗, [·, ·]g∗)). The pair ((g, [·, ·]), (g∗, [·, ·]

tn)) forms a Lie bialge-
bra if and only if ιtn ◦ d∗ − d∗ ◦ n : g → ∧2g is a 1-cocycle for the cohomology
induced by representation ad(2) : g× ∧2g → ∧2g of (g, [·, ·]), where d∗ is the
algebraic differential induced by the Lie bracket [·, ·]g∗.

Proof. First, using Proposition 3.1, (g, [·, ·]n) and (g∗, [·, ·]
tn) are Lie algebras.

Since d∗ξ(η1, η2) = [η1, η2]g∗(ξ) for all ξ ∈ g and ηi ∈ g∗,

(23) ([·, ·]
tn)t(ξ)(η1, η2) = [η1, η2]

tn(ξ) = ιtn(d
∗ξ)(η1, η2)− d∗(nξ)(η1, η2) ,

where δtn = ([·, ·]
tn)t. Therefore, δtn is a 1-cocycle if and only if ιtn ◦ d∗ −

d∗ ◦ n : g → ∧2g is a 1-cocycle for the cohomology induced by ad(2)of (g, [·, ·]).
□

The following Corollary gives the relation between the deformed 1-cocycle
δtn for the bialgebra (g, [·, ·], δtn) and 1-cocycle δ for the bialgebra (g, [·, ·], δ).

Corollary 3.6. Let (g, [·, ·], δ, n) be as in Proposition 3.5, then

(24) δtn = ιtnδ − δ ◦ n .

Corollary 3.7. For a 1-cocycle δ and an (almost) Nijenhuis structure n

on g, we have

(25) ιad∗

ξ
δ = ι[tn,ad∗

ξ ]
δ = ad

(2)
ξ ιtnδ − ιtnad

(2)
ξ δ .
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Proof. By (18), for the adjoint representation adξ on the Lie algebra (g, [·, ·]),

ad
(2)
ξ = ιad∗

ξ
; and then by (19) we conclude (25). □

Proposition 3.8. Let (g, [·, ·], δ) be a Lie bialgebra, and let n : g → g be an
(almost) Nijenhuis operator on (g, [·, ·]). Then δtn is a 1-cocycle if and only
if δ is a 1-cocycle in the the deformed cohomology defined by [·, ·]n .

Proof. By definition, δtn is a 1-cocycle if and only if ∂δtn ≡ 0, where by (24)

(26)
∂δtn(ξ1, ξ2) = ad

(2)
ξ1

ιtnδ(ξ2)− ad
(2)
ξ2

ιtnδ(ξ1)− ad
(2)
ξ1

δ(nξ2)

+ ad
(2)
ξ2

δ(nξ1)− δtn([ξ1, ξ2]) .

On the other hand, by (24) and since δ is a 1-cocycle

δtn([ξ1, ξ2]) = ιtnad
(2)
ξ1

δ(ξ2)− ιtnad
(2)
ξ2

δ(ξ1)− δ(n[ξ1, ξ2]) .

Then, using (25), we get

(27)
∂δtn(ξ1, ξ2) = ι[tn,ad∗

ξ1
]δ(ξ2)− ι[tn,ad∗

ξ2
]δ(ξ1)− ad

(2)
ξ1

δ(nξ2)

+ ad
(2)
ξ2

δ(nξ1) + δ(n[ξ1, ξ2]) .

Finally, by substituting

− ad
(2)
ξ1

δ(nξ2) + ad
(2)
ξ2

δ(nξ1)

= −δ[ξ1, nξ2]− ad
(2)
nξ2

δ(ξ1)− δ[nξ1, ξ2] + ad
(2)
nξ1

δ(ξ2) ,

and (11) in (27) we get (21) and hence

∂δtn ≡ 0 ⇐⇒ ∂δn ≡ 0 .

□

Definition 3.9. Let (g, [·, ·], δ) be a Lie bialgebra and n be an (almost)
Nijenhuis operator on the Lie algebra (g, [·, ·]). We say (g, [·, ·], δ, n) is an
almost NL bialgebra if

(i) δ is also a 1-cocycle in the deformed cohomology, i.e. ∂δn ≡ 0.

(ii) C(tn, ad∗) ≡ 0 where ad∗ : g∗ × g∗ → g∗ is the adjoint representation
of (g∗, [·, ·]g∗).
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The condition (i) shows that (g, [·, ·]n, δ) is a Lie bialgebra. Furthermore,
according to the Proposition 3.8, the deformation δtn of δ by tn is also a
1-cocycle, i.e. ∂δtn ≡ 0. The condition (ii) implies [·, ·]

tn is a Lie bracket on
g∗ and so (g, [·, ·], δtn) is also a Lie bialgebra.

3.3. Double deformation: (weak) NL bialgebras

Let (g, [·, ·], δ, n) be an almost NL bialgebra. We can deform the 1-cocycle δn

by means of tn, or take δtn on the deformed cohomology defined by n. The
result is the same, a double deformed 1-cochain δntn : g → ∧2g by means of
(n, tn) in the deformed cohomology induced by (adn)(2) : g× ∧2g → ∧2g on
the Lie algebra (g, [·, ·]n), see the diagram below.

δ : ((g, [·, ·]), (g∗, [·, ·]g∗))
n

rr

tn
,,

δn : ((g, [·, ·]n), (g
∗, [·, ·]g∗))

tn
,,

δtn : ((g, [·, ·]), (g∗, [·, ·]
tn))

nrr

δntn : ((g, [·, ·]n), (g
∗, [·, ·]

tn))

.

Figure 1. Pairs of Lie algebras arising from deformations.

In the following, we discuss the conditions under which the double defor-
med 1-cochain δntn constitutes a 1-cocycle in the deformed cohomology. This
analysis will ultimately lead us to the formulation of (weak) NL bialgebras.

Lemma 3.10. For a Nijenhuis operator n, and a linear map δ : g → ∧2g

on (g, [·, ·]), we have

(28) ad∗nξ = ad∗ξ ◦
tn.

Proof. Since n is a Nijenhuis operator, the commutator of endomorphism
[adnξ, n] = n[adξ, n] on g holds and so [tn, ad∗nξ] = [tn, ad∗ξ ] ◦

tn on g∗. Hence,
we derive (28). □

Theorem 3.11. Let (g, [·, ·], δ, n) be an almost NL bialgebra. The double
deformed 1-cochain δntn is a 1-cocycle in the deformed cohomology induced
by (adn)(2) : g× ∧2g → ∧2g on the Lie algebra (g, [·, ·]n) if and only if

(29) ιtn◦ad∗

ξ1
δ(ξ2)− ιtn◦ad∗

ξ2
δ(ξ1) = ιad∗

ξ1
δ(nξ2)− ιad∗

ξ2
δ(nξ1) .
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Proof. By definition, δntn is a 1-cocycle if

(30) (adnξ1)
(2)δtn(ξ2)− (adnξ2)

(2)δtn( ξ1) = δtn[ξ1, ξ2]n .

For the left hand side of (30), by (13), (25) and ∂δ ≡ 0, we get

(31)
ιad∗

ξ1
(ιtnδ(ξ2))− ιad∗

ξ2
(ιtnδ(ξ1)) + ad

(2)
nξ1

ιtnδ(ξ2)− ad
(2)
nξ2

ιtnδ(ξ2)

− ιad∗

ξ1
δ(nξ2) + ιad∗

ξ2
δ(nξ1)− δ[nξ1, nξ2] .

For the right hand side of (30), by (11), (30) and ∂δn ≡ 0, we get

(32)
ιtn(ιad∗

ξ1
δ(ξ2))− ιtn(ιad∗

ξ2
δ(ξ1)) + ιtnad

(2)
nξ1

δ(ξ2)

− ιtnad
(2)
nξ2

δ(nξ1)− δ[nξ1, nξ2] .

By (19), we have
(33)
ι[tn,ad∗

ξ1
]δ(ξ2)(η1, η2) = −[ιtn, ιad∗

ξ1
]δ(ξ2)(η1, η2) , ∀ξ1, ξ2 ∈ g , η1, η2 ∈ g∗.

Finally, by substituting (31) and (32) in (30) and then using (28) and (33)
we get (29). □

Definition 3.12. An almost NL bialgebra (g, [·, ·], δ, n) is a weak NL bial-
gebra if (29) is satisfied.

Definition 3.13. Let (g, [·, ·], δ) be a Lie bialgebra and let n be a Nijenhuis
structure on the Lie algebra (g, [·, ·]). We define the concomitant C(δ, n)
as a (2, 1)-tensor field on g and we interpret the expression in (29) as the
condition for the vanishing of this tensor field.

Comment 3.14. By (5), the concomitant C(δ, n) can be written as

C(δ, n)(η1, η2)([ξ1, ξ2]) = [tnad∗ξ1η1, η2]g∗(ξ2) + [η1,
tnad∗ξ1η2]g∗(ξ2)

− [tnad∗ξ2η1, η2]g∗(ξ1)− [η1,
tnad∗ξ2η2]g∗(ξ1)

− tn[ad∗ξ1η1, η2]g∗(ξ2)−
tn[η1, ad

∗
ξ1
η2]g∗(ξ2)

+ tn[ad∗ξ2η1, η2]g∗(ξ1) +
tn[η1, ad

∗
ξ2
η2]g∗(ξ1) .

When the concomitant vanishes, we say that n is ad(2)-equivariant. If we
have

[ιad∗

ξ1
[[tn, tn]](η1, η2)](ξ2)− [ιad∗

ξ2
[[tn, tn]](η1, η2)](ξ2) = 0 ,
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then C(δ, n) = 0 is equivalent to

ad∗ξ1δtn(ξ2)(η1, η2)− ⟲ = δ(ξ2)((n
tη1, ad

∗
ξ1
η2) + (ad∗ξ1η1,

tnη2))− ⟲

where by ⟲ we mean the permutation of ξ1 and ξ2 .

Definition 3.15. Let n : g → g be a Nijenhuis operator on a Lie algebra
(g, [·, ·]) and (g, [·, ·], δ) be a Lie bialgebra. A tuple (g, [·, ·], δ, n) is an NL
bialgebra if satisfies the following conditions

(1) ∂δn ≡ 0

(2) [[tn, tn]] ≡ 0

(3) C(δ, n) ≡ 0

We remark that for a weak NL bialgebra the condition [[tn, tn]] ≡ 0 is
reduced to C(tn, ad∗) ≡ 0, equivalently reduced to ∂[[tn, tn]] ≡ 0 with respect
to the cohomology induced by the adjoint representation of the Lie algebra
(g∗, [·, ·]g∗).

4. Solutions of the classical Yang-Baxter equation:
coboundary NL bialgebras

In this section, we establish fundamental results concerning coboundary Lie
bialgebras, focusing on the conditions under which a coboundary Lie bial-
gebra, in conjunction with a Nijenhuis operator, can be used to construct
an NL bialgebra.
Suppose that we have a solution of the classical Yang-Baxter equation
r ∈ ∧2g and a linear map n : g → g. Then one may take the bilinear map
nr : g∗ × g∗ → R defined by the linear map (nr)♯ : g∗ → g such that nr :=
(nr)♯ = n ◦ r.

Proposition 4.1. Let r ∈ ∧2g be a solution of the classical Yang-Baxter
equation of the Lie algebra (g, [·, ·]) and n : g → g be a linear map such that

(i) n ◦ r = r ◦ tn ,

(ii) C(r, n)(η1, η2) = ad∗
rη2

η1 − ad∗
rη1

η2 = 0, ∀ηi ∈ g∗ .

Here C(r, n) is the concomitant of r and n, i.e. the skew-symmetric bilinear
map C(r, n) : g∗ × g∗ → g∗ which is given by

(34) C(r, n)(η1, η2) = [tn, ad∗
rη1

]η2 − [tn, ad∗
rη2

]η1 .
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Then nr ∈ ∧2g is a solution of the classical Yang-Baxter equation on g if
and only if

[[n, n]](rη1, rη2) = 0, for all ηi ∈ g∗ .

Proof. The condition (i) implies the bilinear map nr is skew symmetric.
By (9), we see that the condition (ii) implies

[η1, η2]nr = [η1, η2]
tn
r ,

where [·, ·]nr is the bracket on g∗ defined by

[η1, η2]nr(ξ) = [[ξ, nr]](η1, η2) ,

and

(35) [η1, η2]
tn
r = [tnη1, η2]r + [η1,

tnη2]r −
tn[η1, η2]r, ∀ηi ∈ g∗ .

Now, from Proposition 2.5, it is sufficient to prove

(36) nr[η1, η2]nr = −[nrη1, nrη2] + [[n, n]](rη1, rη2).

In fact, using the conditions (i) and (ii), we have

nr[η1, η2]nr = nr([tnη1, η2]r + [η1,
tnη2]r −

tn[η1, η2]r) ,

and then using Proposition 2.5 and condition (i),

nr[η1, η2]nr = −n[nrη1, rη2]− n[rη1, nrη2] + n2[rη1, rη2].

Finally (36) is deduced since

[[n, n]](rη1, rη2) = [nrη1, nrη2] + n2[rη1, rη2]− n[nrη1, rη2]− n[rη1, nrη2] .

□

Corollary 4.2. If r ∈ ∧2g is a non-degenerate solution of the classical
Yang-Baxter equation and n : g → g is a linear map such that n ◦ r = r ◦ tn

and C(r, n) = 0, then nr ∈ ∧2g is a solution of the classical Yang-Baxter
equation on g if and only if n is Nijenhuis.
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Lemma 4.3. The concomitant (34) in terms of the adjoint representation
adn on the Lie algebra (g, [·, ·]n) reads
(37)
[C(r, n)(η1, η2)](ξ) = [(adnξ )

∗η1 −
tnad∗ξη1](rη2)− [(adnξ )

∗η2 −
tnad∗ξη2](rη1) .

Proof. Applying ξ on the concomitant (34), we get

[C(r, n)(η1, η2)](ξ) = (ad∗
rη2

tnη1)(ξ)− (ad∗
rη2

η1)(nξ)

− (ad∗
rη1

tnη2)(ξ)− (ad∗
rη1

η2)(nξ) .

Using
〈

ad∗ξ1η, ξ2
〉

= −
〈

ad∗ξ2η, ξ1
〉

, it turns
(38)
[C(r, n)(η1, η2)](ξ) = [ad∗ξ

tnη1 − ad∗nξη1](rη2)− [ad∗ξ
tnη2 − ad∗nξη2](rη1) ,

and so by (15), we conclude (37). □

Remark 4.4. Using
〈

ad∗ξ1η, ξ2
〉

= −⟨η, adξ1ξ2⟩, (37) turns to

[C(r, n)(η1, η2)](ξ) = η1([ξ, nrη2]− [ξ, rη2]n)− η2([ξ, nrη1]− [ξ, rη1]n) ,

and (38) turns to
(39)
[C(r, n)(η1, η2)](ξ) = η1(n[ξ, rη2]− [nξ, rη2])− η2(n[ξ, rη1]− [nξ, rη1]) .

Proposition 4.5. Let r ∈ ∧2g be a solution of the classical Yang-Baxter
equation on the Lie algebra (g, [·, ·]) and (g, [·, ·], δr) the coboundary Lie bial-
gebra defined by r. If n : g → g is a Nijenhuis operator on (g, [·, ·]), then
under the assumptions of the Proposition 4.1, n defines an almost NL bial-
gebra (g, [·, ·], δr, n).

Proof. We need to prove first, [·, ·]nr is a Lie bracket and second, δr is a 1-
cocycle in the deformed cohomology by n, i.e. ∂δnr ≡ 0. The first is fulfilled
since by Cor. 4.2, nr ∈ ∧2g is an r-matrix on (g, [·, ·]), i.e.

nr[η1, η2]nr = nr[η1, η2]
tn
r = n[rη1, rη2]n = [nrη1, nrη2] .

Therefore, the deformation of the 1-cocycle δr by
tn, δ

tn
r = δnr, is a 1-cocycle

and so (g, [·, ·], δnr) is a coboundary Lie bialgebra. According to the Proposi-
tion 3.8, δr is also a 1-cocycle in the deformed cohomology. Thus (g, [·, ·]n, δ

n
r )

is also a Lie bialgebra but not necessarily coboundary. □
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Comment 4.6. In the above Proposition, one can also observe that
(g, [·, ·]n, δ

n
r ) is a Lie bialgebra, as demonstrated by direct computation on

(40) δnr ([ξ1, ξ2]n)(η1, η2) = [η1, η2]r[ξ1, ξ2]n .

Actually by plugging (9), (5), (8) and (11) in (40) and using (37) for

[C(r, n)(ad∗ξ1η1, η2)](ξ2) = [C(r, n)(η1, ad
∗
ξ1
η2)](ξ2) =

[C(r, n)(ad∗ξ2η1, η2)](ξ1) = [C(r, n)(η1, ad
∗
ξ2
η2)](ξ1) = 0 ,

one gets (40).

Corollary 4.7. Under the assumptions of Proposition 4.1, the relation
between 1-cocycles δr and δnr is given by the following expression

(41) δnr(ξ)(η1, η2) = δr(ξ)(
tnη1, η2) + δr(ξ)(η1,

tnη2)− δr(nξ)(η1, η2) .

Proof. Indeed,

δr(ξ)(
tnη1, η2) + δr(ξ)(η1,

tnη2)− δr(nξ)(η1, η2)

= [[ξ, r]](tnη1, η2) + [[ξ, r]](η1,
tnη2)− [[nξ, r]](η1, η2)

= tnη1([ξ, rη2])− η2([ξ, r
tnη1]) + η1([ξ, r

tnη2])

− tnη2([ξ, rη1]− η1([nξ, rη2]) + η2([nξ, rη1] .

Using n ◦ r = r ◦ tn , we obtain

δr(ξ)(
tnη1, η2) + δr(ξ)(η1,

tnη2)− δr(nξ)(η1, η2)

= η1[ξ, nrη2]− η2([ξ, nrη1] + η1(n[ξ, rη2]− [nξ, rη2])

+ η2([nξ, rη1]− n[ξ, rη1]) .

Using (39), we deduce that

η1(n[ξ, rη2]− [nξ, rη2]) + η2([nξ, rη1]− n[ξ, rη1]) = 0 ,

and hence (41). □

Now, suppose that r, r′ ∈ ∧2g are two r-matrices, and that r is non-
degenerate, meaning that the map r : g∗ → g is an isomorphism. We can
then consider the linear map n : g → g defined by

n = r′ ◦ r−1 =⇒ r′ = n ◦ r = r ◦ tn .
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Proposition 4.8. Suppose that r and r′ satisfy classical Yang-Baxter equa-
tions, i.e. [[r, r]] = 0, [[r′, r′]] = 0, and that r is non-degenerate. If r and r′ are
compatible, i.e. [[r′, r]] = 0, then the linear map n = r′ ◦ r−1 is a Nijenhuis
operator on g .

Proof. We will show the following relation

(42) η([[n, n]](ξ1, ξ2)) = −2[[r′, r]](tnη, r−1ξ1, r
−1ξ2),

for all η ∈ g∗ and ξi ∈ g . It will prove the Proposition. Indeed, since [[r, r]] =
0, and by applying equation (10) and Proposition 2.5, we can deduce that

η([nξ1, nξ2]) = [r−1ξ1, r
−1ξ2]

r′(r′η)

= r−1ξ1([r
′η, r′(r−1ξ2)])− r−1ξ2([rη, r(r

−1ξ1)])

= r−1ξ1([r
′η, nξ2])− r−1ξ2([r

′η, nξ1]) .

On the other hand, using that [[r, r]] = [[r′, r′]] = 0, again (10) and Proposition
2.5 we have

η(n2[ξ1, ξ2]) = n[ξ1, ξ2](
tnη) = [r−1ξ1, r

−1ξ2]
r(r′(tnη))

= r−1ξ1([r
′(tnη), ξ2])− r−1ξ2([r

′(tnη), ξ1]) .

Finally,

2[[r′, r]]((tnη), r−1ξ1, r
−1ξ2)

=t nη([nξ1, ξ2]) +
tnη([ξ1, nξ2]) + r−1ξ2([r

′tnη, ξ1])

+ r−1ξ2([r
′η, nξ1]) + r−1ξ1([nξ2, r

′η] + r−1ξ1([ξ2, r
′tnη]) .

From (12), we conclude (42). □

Under the conditions of Proposition 4.8, the 1-cocycles δr and δr′ associated
with the coboundary Lie bialgebroids (g, [·, ·], δr) and (g, [·, ·], δr′), respec-
tively, are related as follows:
First, by definition

δr′(ξ)(η1, η2) = [[ξ, r′]](η1, η2) = η1([ξ, r
′η2])− η2([ξ, r

′η1]) ,
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for all ξ ∈ g and η1, η2 ∈ g∗. On the other hand,

δr(ξ)(
tnη1, η2) + δr(ξ)(η1,

tnη2)− δr(nξ)(η1, η2)

= [[ξ, r]](tnη1, η2) + [[ξ, r]](η1,
tnη2)− [[nξ, r]](η1, η2)

= tnη1([ξ, rη2])− η2([ξ, r
tnη1]) + η1([ξ, r

tnη2])−
tnη2([ξ, rη1]))

− η1([nξ, rη2]) + η2([nξ, rη1] .

Using r′ = n ◦ r = r ◦ tn, it reads

δr(ξ)(
tnη1, η2) + δr(ξ)(η1,

t nη2)− δr(nξ)(η1, η2)

= η1[ξ, r
′η2]− η2([ξ, r

′η1] + η1(n[ξ, rη2]− [nξ, rη2])

+ η2([nξ, rη1]− n[ξ, rη1]) .

Using the following equalities

[[r′, r]](η1, η2, r
−1ξ) = [[r, r]](tnη1, η2, r

−1ξ) = [[r, r]](η1,
t nη2, r

−1ξ) = 0 ,

we deduce that

η1(n[ξ, rη2]− [nξ, rη2]) + η2([nξ, rη1]− n[ξ, rη1]) = 0 .

Note that the latter equality is just the concomitant (39). Therefore,

δr′(ξ)(η1, η2) = δr(ξ)(
tnη1, η2) + δr(ξ)(η1,

t nη2)− δr(nξ)(η1, η2).

Corollary 4.9. Let r and r′ be elements of ∧2g, both serving as r-matrices
on the Lie algebra (g, [·, ·]), where r is non-degenerate. The coboundary Lie
bialgebra (g, [·, ·], δr) defined by r, together with the linear map n := r′ ◦ r−1,
defines an almost NL bialgebra (g, [·, ·], δr, n).

Note that in the next section, we will demonstrate that coboundary almost
NL bialgebras are, in fact, coboundary NL bialgebras.

5. The hierarchy of structures on an NL bialgebra

Given an NL bialgebra (g, [·, ·], δ, n), in this section we show that, in a certain
condition, one can derive a hierarchy of Lie bialgebras which are pairwise
compatible in the sense of Proposition3.1: any linear combination of the
corresponding Lie brackets defines a new Lie bracket. To achieve this, we
will discuss the following hierarchies utilizing an (almost) Nijenhuis operator:
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• The hierarchy of deformed (Lie) brackets on a Lie algebra,

• The hierarchy of adjoint representations of deformed Lie brackets,

• The hierarchy of deformed 1-cochains of the 1-cocycle δ, encompassing
all three types of deformation.

5.1. The hierarchy of deformed brackets and adjoint
representations on a Lie algebra

Given a Nijenhuis operator n : g → g on a Lie algebra (g, [·, ·]) (and corre-
spondingly, tn : g∗ → g∗ on its dual (g∗, [·, ·]g∗)), there exist a hierarchy of
deformed Lie brackets on both g and g∗ which are compatible in pairs [12].
This leads to a hierarchy of adjoint representations on g for the iterated Lie
brackets.

Note that, throughout this section, for the sake of simplicity, we denote
the deformed brackets on (g, [·, ·]) iterated by any power ni, for (i > 1) as
[·, ·]i and the corresponding deformed brackets on g∗ iterated by (tn)i as
[·, ·]i.

Definition 5.1. ([12]) Suppose n be a Nijenhuis operator on (g, [·, ·]). The
Nijenhuis torsion of n with respect to the deformed Lie bracket [·, ·]i is given
by

[[n, n]]i(ξ1, ξ2) = [[n, n]]i−1(nξ1, ξ2) + [[n, n]]i−1(ξ1, nξ2)− n[[n, n]]i−1(ξ1, ξ2) .

Remark 5.2. ([12]) If [[n, n]] = 0, then for every integer i:

• The vanishing of Nijenhuis torsion of n is preserved in a hierarchy,
i.e. [[n, n]]i = 0.

• The Nijenhuis torsion of nk with respect to the Lie algebra structure
(g, [·, ·]i) vanishes, i.e. [[n

k, nk]]i = 0 .

More generally, we have:

Remark 5.3. ([12], Lemma 5.1) Let [[n, n]] = 0 and [[tn, tn]] = 0. For each
integer k ≧ 0, and for each integer i ≧ 0, ξ1, ξ2 ∈ g and η1, η2 ∈ g∗,

(43)
ni[ξ1, ξ2]k+i =

[

niξ1, n
iξ2

]

k
,

(tn)i[η1, η2]
k+i =

[

(tn)iη1, (
tn)iη2

]k
.
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When n is a Nijenhuis operator, we obtain the following recurrence relation
among the deformed brackets:

(44)
[ξ1, ξ2]ni = [niξ1, ξ2] + [ξ1, n

iξ2]− ni[ξ1, ξ2]
= [ni−1ξ1, ξ2]n + [ξ1, n

i−1ξ2]n − ni−1[ξ1, ξ2]n ,

and
(45)

[η1, η2]
(tn)j = [(tn)jη1, η2]g∗ + [η1, (

tn)jη2]g∗ − (tn)j [η1, η2]g∗

= [(tn)j−1η1, η2]
tn + [η1, (

tn)j−1η2]
tn − (tn)j−1[η1, η2]

tn .

For instance, in the case i = 1 and k = 1, we have

(46)
[ξ1, ξ2]n2 = [n2ξ1, ξ2] + [ξ1, n

2ξ2]− n2[ξ1, ξ2]

= [nξ1, ξ2]n + [ξ1, nξ2]n − n[ξ1, ξ2]n .

Remark 5.4. If n is an almost Nijenhuis structure on a Lie algebra (g, [·, ·]),
there is no obvious recurrence relation between deformed brackets, i.e.

[ξ1, ξ2]ni = [niξ1, ξ2] + [ξ1, n
iξ2]− ni[ξ1, ξ2]

̸= [ni−1ξ1, ξ2]n + [ξ1, n
i−1ξ2]n − ni−1[ξ1, ξ2]n ,

[η1, η2]
(tn)j = [(tn)jη1, η2]

∗ + [η1, (
tn)jη2]

∗ − (tn)j [η1, η2]
∗

̸= [(tn)j−1η1, η2]
tn + [η1, (

tn)j−1η2]
tn − (tn)j−1[η1, η2]

tn .

Note that we can consider a linear map nk : g → g as a g-valued 1-form on
the Lie algebra g. The coboundary of this operator with respect to the initial
Lie bracket is then given by:

∂nk(ξ1, ξ2) = [ξ1, ξ2]nk .

Corollary 5.5. The Nijenhuis torsion

[[nk, nk]](ξ1, ξ2) = nk[ξ1, ξ2]nk − [nkξ1, n
kξ2] ,

can be expressed in terms of the Nijenhuis torsion of previous orders, with
respect to the initial Lie bracket [·, ·], as follows

[[nk, nk]](ξ1, ξ2) = nk−1[[n, n]][(nk−1ξ1, ξ2) + (ξ1, n
k−1ξ2)]

+ [[nk−1, nk−1]](nξ1, nξ2) + n2[[nk−1, nk−1]](ξ1, ξ2)

− n2[[nk−2, nk−2]](nξ1, nξ2) .
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For example, when k = 2, the relation reads:

[[n2, n2]](ξ1, ξ2) = n[[n, n]][(nξ1, ξ2) + (ξ1, nξ2)]

+ [[n, n]](nξ1, nξ2) + n2[[n, n]](ξ1, ξ2) .

Definition 5.6. The Nijenhuis concomitant [ni, nj ] ([17],[20]) of two Nijen-
huis operators n and n′ on a Lie algebra (g, [·, ·]) is defined by

[[n, n′]](ξ1, ξ2) = [nξ1, n
′ξ2] + [n′ξ1, nξ2]− n[n′ξ1, ξ2]− n′[nξ1, ξ2]

− n[ξ1, n
′ξ2]− n′[ξ1, nξ2] + n ◦ n′[ξ1, ξ2] + n′ ◦ n[ξ1, ξ2] ,

for every pair of basis elements ξ1, ξ2 of g .

Comment 5.7. Two Nijenhuis structures are considered compatible if their
Nijenhuis concomitant vanishes. When [[n, n]] ≡ 0, there exists a compatible
hierarchy of Nijenhuis structures nk for all k > 1. Consequently, the relation
[[ni, nj ]] ≡ 0 holds for any integers i, j.

Using Remark 5.3, we deduce the following.

Corollary 5.8. Suppose n is a Nijenhuis operator on a Lie algebra (g, [·, ·]).
We have the following hierarchy of Lie brackets and hierarchy of adjoint
representations adn

i

ξ : g → g, i ≧ 0 and ξ ∈ g:

(g, [·, ·]) ⇝ adξ

(g, [·, ·]n) ⇝ adnξ = [adξ, n] + adnξ

(g, [·, ·]n2) ⇝ adn
2

ξ = [adnξ , n] + adnnξ
...

...

(g, [·, ·]ni) ⇝ adn
i

ξ = [adn
i−1

ξ , n] + adn
i−1

nξ

For example for i = 2

adn
2

ξ = [[adξ, n], n] + 2[adnξ, n] + adn2ξ ,

(adn
2

ξ )∗ = [tn, [tn, ad∗ξ ]] + 2[tn, ad∗nξ] + ad∗n2ξ .

Using adnξ = n ◦ ad ξ (see Lemma 3.10), it can be rewritten as

adn
2

ξ = [adξ, n]n+ [adnξ, n] + adn2ξ ,

(adn
2

ξ )∗ = tn[tn, ad∗ξ ] + [tn, ad∗nξ] + ad∗n2ξ .
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Remark 5.9. For a Nijenhuis operator n on a Lie algebra (g, [·, ·]), from
equation (44), adn

i

ξ can be expressed in terms of adnξ for any integer i as
follows:

(47) adn
i

ξ = [adnξ , n
i−1] + adnni−1ξ .

Remark 5.10. If [[n, n]] = 0 and [[tn, tn]] = 0, then for any i, j

C(ni, adn
i

) ≡ 0 & C((tn)j , (adn
j

)∗) ≡ 0 .

5.2. The hierarchy of deformed one-cochains on a Lie algebra

Now, we consider the hierarchy of deformed 1-cochains in the cohomology
defined by ad(2) : g× ∧2g → ∧2g on the Lie algebra (g, [·, ·]). The defor-
mation of a 1-cocycle δ by means of (tn)k is represented by a linear map
δnk : g → ∧2g, given by:

(48) δ(nt)k(ξ) = ι(tn)kδ(ξ)− δ(nkξ) , for k ∈ N .

Lemma 5.11. The hierarchy of iterated deformed 1-cochains (48) by means
of (tn)k, is given by

(49) δ(tn)k(ξ) = ιtnδ(tn)k−1(ξ)− δ(tn)k−1(nξ) .

Proof. Using 20, we get

(50)

δ(nt)k(ξ)(η1, η2) = ι(tn)kδ(ξ)(η1, η2)− δ(nkξ)(η1, η2)

= ιtn(ιtnk−1δ(ξ))(η1, η2)

− δ(ξ)
[

(tnη1,
tnk−1η2) + (tnk−1η1,

tnη2)
]

− δ(nkξ)(η1, η2) .

Now, by plugging ιtnk−1δ(ξ)(η1, η2) = δtnk−1(ξ)(η1, η2) + δ(nk−1ξ)(η1, η2) in
the above equality, and then using [[tnk−1, tnk−1]] ≡ 0 and [[tn, tn]]tnk−1 ≡ 0,
we arrive at (49). □

In the following, we present results concerning the interplay between, the
adjoint representation of the Lie algebra (g, [·, ·]), the 1-cocycle δ, and the
Nijenhuis structures nk on g, for all k > 1 .
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Proposition 5.12. For a Nijenhuis operator n on the Lie algebra (g, [·, ·]),
we have:

(51) ad∗nkξ = ad∗ξ ◦ (
tn)k , ∀ξ ∈ g .

Proof. From the equation [[n, n]](nk−1ξ, ξ1) = 0 , we can deduce that adnkξ =
nadnk−1ξ on g. Consequently, we have ad∗nkξ = ad∗nk−1ξ ◦

tn on g∗. By apply-
ing this process iteratively, we ultimately arrive at (51). □

Proposition 5.13. Let (g, [·, ·], δ, n) be an NL bialgebra. Then

(52)
[

ιad∗

ξ1
δ(nkξ2)− ιtn◦ad∗

ξ1
δ(nk−1ξ2)

]

(η1, η2) − ⟲ = 0 ,

where by ⟲ we mean the permutation of ξ1 and ξ2 .

Proof. Since [[tn, tn]] = 0, we have

[ιad∗

ξ1
[[tn, tn]](η1, η2)](n

k−1ξ2) − ⟲ = 0 ,

and thus
[

ιad∗

ξ1
δ(nkξ2)− ιtn◦ad∗

ξ1
δ(nk−1ξ2)

]

(η1, η2) − ⟲

= δ(nk−1ξ2)
[

(tnη1, ad
∗
ξ1
η2) + (ad∗ξ1η1,

tnη2)
]

− ιad∗

ξ1
δtn(n

k−1ξ2)(η1, η2) − ⟲ .

Since C(δ, n) = 0, hence (52). □

Proposition 5.14. Let (g, [·, ·], δ, n) be an NL bialgebra. The deformation
of the 1-cocycle δ by (tn)k is a 1-cocycle if and only if δ is also a 1-cocycle
in the deformed cohomology defined by the deformed Lie bracket [·, ·]nk .

Proof. By definition and using (4), (49), (25), (33), we have

∂δtnk(ξ1, ξ2) = ι[tnk,ad∗

ξ1
]δ(ξ2)− ι[tnk,ad∗

ξ2
]δ(ξ1)− ιad∗

ξ1
δ(nkξ2)

+ ιad∗

ξ2
δ(nkξ1) + δ(nk[ξ1, ξ2]) .

On the other hand

∂δn
k

(ξ1, ξ2) = ι[tnk,ad∗

ξ1
]δ(ξ2)− ι[tnk,ad∗

ξ2
]δ(ξ1)

+ ιad∗

nkξ1

δ(ξ2)− ιad∗

nkξ2

δ(ξ1) + δ([ξ1, ξ2]nk) .
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Now, using the fact that ∂δ(nkξ1, ξ2) = ∂δ(ξ1, n
kξ2) = 0 we obtain:

∂δtnk ≡ 0 ⇐⇒ ∂δn
k

≡ 0 .

□

5.3. The hierarchy of Lie bialgebras on an NL bialgebra

Given an NL bialgebra, we will demonstrate that, under certain conditions, it
is possible to generate a compatible hierarchy of Lie bialgebras. By a compat-
ible hierarchy of Lie bialgebras, we refer to Lie bialgebras (g, [·, ·]ni , δn

i

(tn)j ) ,
which represent the three types of deformations of 1-cocycles. The maps
δn

i

(tn)j are 1-coycles in the cohomology induced by (adn
i

)(2) : g× ∧2g → ∧2g

of the Lie algebra (g, [·, ·]ni) . We denote δn
i

(tn)j as the deformed 1-cocycle by

means of (ni, (tn)j).

((g, [·, ·]), (g∗, [·, ·]g∗))
n

ss

tn

++

((g, [·, ·]n), (g
∗, [·, ·]g∗))

n

��

tn

++

((g, [·, ·]), (g∗, [·, ·]
tn))

tn

��

n

ss

((g, [·, ·]n), (g
∗, [·, ·]

tn))

ss ++

((g, [·, ·]n2), (g∗, [·, ·]g∗)) oo //

33

((g, [·, ·]), (g∗, [·, ·](
tn)2))

kk

...
...

...

((g, [·, ·]nk−1), (g∗, [·, ·]g∗))

n

��

tn

++

((g, [·, ·]), (g∗, [·, ·](
tn)k−1

))
n

ss

nt

��

((g, [·, ·]ni), (g∗, [·, ·](n
t)k−i

))

ss ++

((g, [·, ·]nk), (g∗, [·, ·]g∗))

33

oo // ((g, [·, ·]), (g∗, [·, ·](
tn)k))

kk

Figure 2. The diagram illustrates all the deformations under consideration.
The left-hand column displays the pairs of Lie algebras corresponding to
the iterated 1-cocycles δn

k

in the deformed cohomology defined on the Lie
algebras (g, [·, ·]nk). The right-hand column shows the pairs of Lie algebras
corresponding to 1-cocycles deformed by means of (tn)k. The central column
represents the double deformations. The double-headed arrows indicate that
one side forms a Lie bialgebra if and only if the other side does. Note that
i = {1, k − 1}.
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In the subsequent discussion, we will examine the conditions on NL
bialgebras under which they produce a hierarchy of Lie bialgebras.

Corollary 5.15. Let (g, [·, ·], δ, n) be an almost NL bialgebra for which the
operator nt is ad∗-equivariant on the Lie algebra (g∗, [·, ·]g∗), where ad∗ :
g∗ × g∗ → g∗ is the corresponding adjoint representation. That is,

(53) δ(ξ)(η1,
tnη2) = δ(nξ)(η1, η2), ∀ξ ∈ g, η1, η2 ∈ g∗ .

Then the following are equivalent:

• The operator tn is ad∗-equivariant in the Lie algebra (g∗, [·, ·]
tn). That

is

ιtnk−1ad∗

ξ1
δtn(ξ2)(η1, η2) − ⟲ = ιtnk−2ad∗

ξ
δtn(nξ1)(η1, η2) − ⟲ .

• For each k, tnk is ad(2)-equivariant. That is,

ιtnkad∗

ξ1
δ(ξ2)(η1, η2) − ⟲ = ιad∗

ξ1
δ(nkξ2)(η1, η2) − ⟲ .

Note that an almost NL bialgebra (g, [·, ·], δ, n) for which tn is ad∗-equivariant,
is an NL bialgebra.

The following corollaries are immediate results for NL bialgebras that
lead to the theorem establishing a hierarchy of Lie bialgebras.

Corollary 5.16. Let (g, [·, ·], δ, n) be an NL bialgebra. For each integer k,
the concomitant C(δ, nk)
(54)
C(δ, nk)(η1, η2)([ξ1, ξ2]) = ιtnkad∗

ξ1
δ(ξ2)(η1, η2)− ιad∗

ξ1
δ(nkξ2)(η1, η2) − ⟲ ,

vanishes if and only if nt is an ad∗-equivariant operator on the Lie algebra
(g∗, [·, ·]g∗).

Combining the results of Corollaries 5.15 and 5.16, we deduce that C(δ, nk) ≡
0 if and only if C(δtn, n

k−1) ≡ 0. In general:

Corollary 5.17. For an NL bialgebra (g, [·, ·], δ, n), we have

∂δ(tn)k ≡ 0 ⇐⇒ ∂δn
k

≡ 0 ⇐⇒ ∂δn
i

(tn)j ≡ 0, i+ j = k .
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Theorem 5.18. Let (g, [·, ·], δ, n) be an NL bialgebra, and let tn be an ad∗-
equivariant operator on the Lie algebra (g∗, [·, ·]g∗). Then there exists a com-
patible hierarchy of Lie bialgebras given by (g, [·, ·]ni , δn

i

(tn)j ) for all integers
i, j ≥ 0.

Proof. The deformed 1-cochains δ(tn)j : g → ∧2g by means of (tn)j , are 1-

cocycles in the cohomology induced by the representation ad(2) : g× ∧2g →
∧2g of the Lie algebra (g, [·, ·]) if and only if d(

tn)j = ιtn ◦ d(
tn)j−1

− d(
tn)j−1

◦
n are 1-cocycles. The relation between the deformed cochains in the hierar-
chy is given by

δ(tn)j (ξ)(η1, η2) = δ(tn)j−1(ξ)(tnη1, η2) + δ(tn)j−1(ξ)(η1,
t nη2)

− δ(tn)j−1(nξ)(η1, η2) ,

for all ηi ∈ g and ξ ∈ g. To prove the theorem, we will show the following
for k = i+ j, k ≥ 2:

1) nk is a Nijenhuis tensor with respect to [·, ·]nk−1 .

2) C(δ, nk−1) ≡ 0 .

3) ιtn ◦ d(
tn)j−1

− d(
tn)j−1

◦ n : g → ∧2g is a 1-cocycle for the adjoint rep-
resentation of (g.[·, ·]ni) .

(1) It is a consequences of (43). (2) The vanishing of the concomitant is
preserved by the hierarchy, as implied by the Corollary 5.16.
(3) Suppose that ∂δn

k−1

= ∂δn
k−2

≡ 0. Using (47), we have

(adn
i

ξ )∗ = [tni−1, ad∗ξ ] + [tni−1, ad∗nξ] + ad∗ni−1ξ + ad∗niξ .

Now, we will substitute the coadjoint representation mentioned above and

δ[ξ1, ξ2]nk = δ[nξ1, ξ2]nk−1 + δ[ξ1, nξ2]nk−1 − δ[nξ1, nξ2]nk−2

in ∂δn
k

[ξ1, ξ2] = ι
(adnk

ξ1
)∗
δ(ξ2)− ι

(adnk

ξ2
)∗
δ(ξ1)− δ[ξ1, ξ2]nk . Using Propositions

5.12, 5.13 and (2), we get ∂δn
k

≡ 0. Finally by Proposition 5.17, we arrive
at (2). □

Another class of NL bialgebras are those for which the operator n : g → g

is ad-equivariant, i.e.

n ◦ adξ = adξ ◦ n, ∀ξ ∈ g.
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Corollary 5.19. Let (g, [·, ·], δ, n) be an almost NL bialgebra and let n : g →
g be an ad-equivariant operator. If the Nijenhuis torsion of the transpose
map tn : g∗ → g∗ vanishes, then (g, [·, ·], δ, n) forms an NL bialgebra that
generates a hierarchy of Lie bialgebras.

Proof. If n is ad-equivariant, then ad∗ξ = 0 for all ξ ∈ g. Consequently,

C(δ, n) ≡ 0 and C(δ, nk) ≡ 0 as well. □

Example 5.20. Let g be the direct sum of two copies of the solvable Lie
algebra of dimension 2. The nonzero Lie brackets are given by

[X1, X2] = X2, [X3, X4] = X4 .

The linear map

δ(X1) = 0, δ(X2) = 2X1 ∧X2, δ(X3) = X3 ∧X4, δ(X4) = 0 ,

is a 1-cocycle on g and [·, ·]g∗ := δt defines a Lie bracket on g∗ by

[X1, X2]g∗ = 2X2, [X3, X4]g∗ = X3 .

The following operator

n(X1) = X1, n(X2) = X2, n(X3) = 0, n(X4) = 0

is Nijenhuis on g and one can see that (g, [·, ·], δ, n) forms an almost NL
bialgebra .
Since n is ad-equivariant, C(δ, nk) ≡ 0. Furthermore, [[tn,t n]] ≡ 0. Conse-
quently, NL bialgebra (g, [·, ·], δ, n) generates a hierarchy of Lie bialgebras.

In what follows, we show that coboundary almost NL bialgebras are exam-
ples of NL bialgebras.

Corollary 5.21. Let r ∈ ∧2g be a solution of the classical Yang-Baxter
equation of the Lie algebra g and n : g → g be a Nijenhuis operator such
that

(i) n ◦ r = r ◦ tn

(ii) C(r, n)(η1, η2) = ad∗
rη2

η1 − ad∗
rη1

η2 = 0, ∀ηi ∈ g∗ .

Then, (g, [·, ·], δr, n) is a coboundary NL bialgebra and it generates a
hierarchy of bialgebras.



✐

✐

“3-Ravanpak” — 2025/10/17 — 17:55 — page 1438 — #32
✐

✐

✐

✐

✐

✐

1438 Z. Ravanpak

Proof. The proof is consequence of the fact that if the pair (r, n) satisfies
the compatibility conditions (i) and (ii) then rk = nkr, for all k ∈ N, are
solutions of the classical Yang–Baxter equation on g [20]. Moreover, by (ii)
we have [·, ·]

tn
r = [·, ·]nr = [·, ·]nr , where the latter is defined by

[η1, η2]
n
r = (adn

rη1
)∗η2 − (adn

rη2
)∗η1.

Using this, one can verify that r : (g∗, [·, ·]nr ) −→ (g, [·, ·]n) is a Lie algebra
morphism, and hence r is an r-matrix on the deformed Lie algebra as well.
Note that, by (8) and using a straightforward computation and the skew-
symmetric property of r-matrix r, we have the following relation between
the concomitant of C(δr, n) and the concomitant of C(r, n)

C(δr, n)(η1, η2)([ξ1, ξ2]) = C(r, n)(ad∗ξ1η1, η2)(ξ2)− C(r, n)(η1, ad
∗
ξ1
η2)(ξ2)

− C(r, n)(ad∗ξ2η1, η2)(ξ1) + C(r, n)(η1, ad
∗
ξ2
η2)(ξ1) .

On the other hand, if we replace r by nkr in (34), and then using the fact that
ad∗nkξ = ad∗ξ ◦

tnk, we get C(nkr, n)(η1, η2) =
1
2 ιtnkC(r, n)(η1, η2) . It shows

that the vanishing of concomitant is preserved throughout the hierarchy.
Moreover, using C(nr, n) ≡ 0, we obtain tn[η1, η2]

tn
r = [tnη1,

tnη2]r which
shows the transpose map tn is a Nijenhuis operator on (g∗, [·, ·]r). All of the
above shows that (g, [·, ·], δr, n) forms a couboundary NL bialgebra and gen-
erates a compatible hierarchy of coboundary Lie bialgebras (g, [·, ·]ni , δn

i

njr)
for all integers i, j ≥ 0.

□

Example 5.22. Consider a Lie algebra on R
4 whose Lie bracket is char-

acterized by

[X1, X4] = X1, [X3, X4] = X2 .

There is a Nijenhuis structure n on (g, [·, ·]) given by

n(X1) = X1, n(X2) = X1 +X2,

n(X3) = X1 +X3, n(X4) = X2 −X3 +X4 ,

which defines the deformed Lie bracket

[X1, X4]n = X1, [X2, X4]n = X1, [X3, X4]n = X2 .
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Note that n is not ad-equivariant as n[X3, X4] ̸= [X3, nX4] . There is an
r-matrix r ∈ ∧2g on g

r = X2 ∧X3 −X1 ∧X4 .

Thus (g, [·, ·], δr) defined by r is a Lie bialgebra, and the non-zero brackets
are

[X1, X2]r = −X3, [X1, X4]r = X4 .

The dual map tn is defined by

tn(X1) = X1 +X2 +X3, tn(X2) = X2 +X4,
tn(X3) = X3 −X4, tn(X4) = X4 .

One can see that n ◦ r = r ◦ tn , and [·, ·]
tn
r = [·, ·]nr and so C(r, n) ≡ 0.

Thus, nr is also an r-matrix, reads as nr = −X1 ∧X2 +X1 ∧X3 −X1 ∧
X4 +X2 ∧X3 . It defines the Lie bracket

[X1, X2]nr = −X3, [X1, X3]nr = −X4, [X1, X4]nr = X4 .

The dual map tn is a Nijenhuis structure on the dual Lie algebra (g∗, [·, ·]r),
and according to the Proposition 5.21, (g, [·, ·], δr, n) is a coboundary NL
bialgebra and it generates a hierarchy of Lie bialgebras. Note that the dual
map tn is not ad∗-equivariant as tn[X1, X3]r ̸= [X1, tnX3]r .

5.4. Weak NL bialgebra on Euler-top system

In the case of weak NL bialgebras, the existence of a hierarchy of iterated
Lie brackets, 1-cocycles, and subsequently, Lie bialgebras, is not guaran-
teed. In the following, we illustrate this situation using a weak NL bialgebra
that serves as the underlying algebraic structure of a well-known dynamical
system.
We consider a three dimensional Lie bialgebra, with the commutators

[X1, X2] = −X2, [X1, X3] = −X3, [X2, X3] = 0, 1

[X1, X2]g∗ = −X3, [X1, X3]g∗ = X2, [X2, X3]g∗ = −X1, 2

the corresponding 1-cocycle is

δ(X1) = −X2 ∧X3, δ(X2) = X1 ∧X3, δ(X3) = −X1 ∧X2.

1(g, [·, ·]) is the book Lie algebra.
2(g∗, [·, ·]g∗) is the Lie algebra so(3).
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The non-zeros coadjoint representation on the dual Lie algebra g∗ of the Lie
algebra (g, [·, ·]) are

ad∗X1
X2 = X2, ad∗X1

X3 = X3,

ad∗X2
X2 = −X1, ad∗X3

X3 = −X1 .

There is a Nijenhuis operator n : g → g characterized by

n(X1) = X3, n(X2) = X2, n(X3) = −X1 −X2 +X3.

which defines a deformed Lie bracket

[X1, X3]n = −X1, [X2, X3]n = −X2.

One can see that the 1-cocycle δ is also a 1-cocycle (denoted by δn) in the
deformed cohomology induced by (adn)(2), on the Lie algebra (g, [·, ·]n). It
defines a new Lie bialgebra with pair ((g, [·, ·]n), (g

∗, [·, ·]g∗)). The non-zero
elements of the coadjoint representation on the dual Lie algebra g∗ of the
Lie algebra (g, [·, ·]n) are as follows:

(adnX1
)∗X1 = X3, (adnX2

)∗X2 = X3,

(adnX3
)∗X1 = −X1, (adnX3

)∗X2 = −X2 .

The transpose map tn : g → g where tn(X1) = −X3, tn(X2) = X2 −X3,
tn(X3) = X1 +X3, defines a Lie bracket on g∗ by

[X1, X2]
tn = −X2, [X1, X3]

tn = X3, [X2, X3]
tn = −2X1 . 3

Therefore, by definition, (g, [·, ·], δ, n), to this point, is an almost NL bial-
gebra. This structure serves as the underlying algebraic framework for a
well-known dynamical system, particular case of the so(3) Euler-top [1, 9],

(55)
ẋ1 = x22 − x23,

ẋ2 = x1(2x3 − x2)
ẋ3 = x1(x3 − 2x2) .

This system is bi-Hamiltonian4 with respect to linear Poisson structures

{x1, x2} = −x3, {x1, x3} = x2, {x2, x3} = −x1,

{x1, x2}tn = −x2, {x1, x3}tn = x3, {x2, x3}tn = −2x1.

3(g∗, [·, ·]
t
n) is the Lie algebra sl(2,R).

4A dynamical system is a Poisson bi-Hamiltonian if there exist two compatible
Poisson structures whose Hamiltonian vector fields coincide.
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These Linear Poisson structures {·, ·} and {·, ·}tn correspond to the Lie alge-
bras [·, ·]g∗ and [·, ·]

tn.
By Proposition 3.8, the deformation of 1-cocycle δ by means of tn given by

δtn(X1) = −2X2 ∧X3, δtn(X2) = −X1 ∧X2, δtn(X3) = X1 ∧X3 ,

is also a 1-cocycle in the cohomology defined by the initial Lie algebra.
Here tn is not a Nijenhuis operator on g∗ but the Nijenhuis torsion [[tn, tn]]
is a 2-cocycle in the cohomology induced by the adjoint representation of
(g, [·, ·]). Theretofore, we have a new Lie bialgebra ((g, [·, ·]), (g∗, [·, ·]

tn)),
where [·, ·]

tn := δtn(·, ·). One can see that n is ad(2)-equivariant, that is
C(δ, n) ≡ 0, where

ad∗X1
X1 = X3, ad∗X2

X1 = 0, ad∗X3
X1 = −X1,

ad∗X1
X2 = 0, ad∗X2

X2 = X1 +X3, ad∗X3
X2 = −X1,

ad∗X1
X3 = X1, ad∗X2

X3 = 0, ad∗X3
X3 = X1 +X3 .

Or equivalently, according to the Theorem 3.11, one can check δtn is a 1-
cocycle in the deformed cohomology induced by (adn)(2) : g× ∧2g → ∧2g on
the Lie algebra (g, [·, ·]n). This establishes (g, [·, ·], δ, n) as a weak NL bial-
gebra. Therefore, there is no guarantee for having a hierarchy of deformed
Lie bialgebras by means of (ni, (

tn)j). However, since C(δ, n) ≡ 0, it implies
that the double deformation δntn is also 1-cocycle. This allows us to con-
struct a new Lie bialgebra ((g, [·, ·]n), (g

∗, [·, ·]
tn)). Furthermore, according

to Corollary 5.17, δtn2 and δn
2

are also 1-cocycles.
Note that the recursive relations (44) and (49) do not hold for the deformed
Lie brackets; however, the deformed bracket

[X1, X2]
tn2

= −2X2, [X1, X3]
tn2

= X1 − 2X2 + 2X3,

[X2, X3]
tn2

= −2X1 −X2 ,

defined by

tn2(X1) = −X1 −X3, tn2(X2) = −X1 +X2 − 2X3,
tn2(X3) = X1 ,
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is a Lie bracket on g∗. The deformed 1-cochain

δtn2(X1) = X1 ∧X3 − 2X2 ∧X3,

δtn2(X2) = −2X1 ∧X2 − 2X1 ∧X3 −X2 ∧X3,

δtn2(X3) = 2X1 ∧X3 ,

is a 1-cocycle with respect to the adjoint representation of the Lie bracket
[·, ·]. Then the pairs ((g, [·, ·]n2), (g∗, [·, ·])) and ((g, [·, ·]), (g∗, [·, ·]

tn2

)) are also
Lie bialgebras.

6. Concluding remarks

In this paper we applied the theory of Poisson-Nijenhuis structures to Lie
bialgebras. By examining the roles of Nijenhuis operators and the classi-
cal Yang-Baxter equation, we uncovered new insights into the hierarchical
structures of Lie bialgebras. A Lie bialgebra (g, g∗) equipped with a Nijenhuis
structure n on g that satisfies specific compatibility conditions is termed a
(weak) NL bialgebra. We have meticulously investigated the necessary condi-
tions for establishing a compatible hierarchy of Lie bialgebras. NL bialgebras
provide profound insights into the underlying algebraic frameworks of cer-
tain dynamical systems. We illustrated this concept using a particular case
of Euler-top system, demonstrating how its underlying algebraic structure
constitutes a weak NL bialgebra.
The significance and utility of (weak) NL bialgebras can be observed in the
following contexts:

6.1. NL bialgebras and Poisson Lie groups

There is a one-to-one correspondence between Lie bialgebras on a Lie algebra
g and Poisson-Lie groups on the corresponding connected simply-connected
Lie group G. Recall that Poisson-Lie groups are Lie groups equipped with a
multiplicative Poisson structure i.e. the multiplication is a Poisson epimor-
phism. If (g, g∗) is a Lie bialgebra and G is the corresponding connected
simply-connected Lie group with Lie algebra g, then G admits a multiplica-
tive Poisson structure Π such that [·, ·]∗ = (deΠ)

t, where deΠ : g → ∧2g is
the linear map defined by deΠ(ξ) = (Lξ̄Π)(e), ξ̄ being a vector field on G

such that ξ̄(e) = ξ (see [24], [5]). Conversely, an adjoint 1-cocycle δ : g → ∧2g

whose dual map satisfies the Jacobi identity induces a unique multiplicative
Poisson structure on a connected simply-connected Lie group G integrated
the Lie algebra g.
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Building on the previous discussion, investigating the global object whose
infinitesimal counterpart is a (weak) NL bialgebra presents an intriguing
problem. Ongoing research in this area aims to address these questions.

6.2. NL bialgebras and quantum groups

The quantization of Lie bialgebras into Hopf algebras is a key process in
constructing quantum groups. Reshetikhin established that every finite-
dimensional Lie bialgebra (g, g∗) over a field K of characteristic zero admits
a quantization [19], (see also [3, 6]). This means there exists a corresponding
ℏ-deformation Uℏ(g) of its universal enveloping algebra U(g). The quanti-
zation process can be described using the Baker-Campbell-Hausdorff series
H(ξ1, ξ2) for the Lie algebra g,

H(ξ1, ξ2) = ξ1 + ξ2 +
1

2
[ξ1, ξ2] +

1

12
[ξ1, [ξ1, ξ2]]−

1

12
[ξ2, [ξ1, ξ2]] + · · ·

Nijenhuis structures, particularly (weak) NL bialgebras, can provide valu-
able insights into the algebraic properties of quantum groups. The deformed
Lie bialgebras that emerge in the hierarchy serve as infinitesimal structures
that describe quantum groups. For instance, when n is ad-equivariant, the
Baker-Campbell-Hausdorff series Hn for the Lie algebra (g, [·, ·]n) simpli-
fies to Hn(ξ1, ξ2) = H(nξ1, ξ2). This observation can be used to describe
the ℏ-deformation of an N-deformation on g, and its relationship with the
ℏ-deformation of the Lie bialgebra itself.
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