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NL bialgebras

ZOHREH RAVANPAK

In this paper, we introduce the concept of (weak) NL bialgebras.
These structures consist of a Lie bialgebra (g, [+, -], 9) equipped with
a Nijenhuis structure on the Lie algebra (g, [-,-]), satisfying spe-
cific compatibility conditions. This construction is analogous to
Poisson-Nijenhuis structures studied in the context of integrable
systems. We further investigate NL bialgebras that generate a com-
patible hierarchy of bialgebras, both on the original Lie algebra
and its deformed versions, through the Nijenhuis structure of any
order. Additionally, we demonstrate that the underlying algebraic
structure of a particular case of the Euler-top system is a weak NL
bialgebra.
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1. Introduction

Poisson-Nijenhuis (PN) structures on manifolds were introduced by Magri
and Morosi [15] (see also [12]). These structures generate a compatible hier-
archy of Poisson structures through a recursion operator and are significant
in integrable systems theory. More precisely, they generalize the concept of
bi-Hamiltonian systems, providing a rich framework for the exploration of
integrability of Hamiltonian dynamics.

In this paper, we study this approach within the context of Lie bialge-
bras. Specifically, given a Lie bialgebra (g, [-,],d) with a Nijenhuis operator
on the Lie algebra (g, [, ]), we analyze the compatibility conditions required
to establish a compatible hierarchy of Lie bialgebras, both on the original
Lie algebra and on iteratively deformed Lie brackets, utilizing the Nijenhuis
structure of every order. We introduce the term (weak) NL bialgebra, to
describe this structure.

These structures contribute to understanding the interplay between Nijen-
huis operators and Lie bialgebras. They reveal how compatibility conditions
facilitate the construction of a series of compatible Lie bialgebras. This
exploration enhances the understanding of the algebraic framework under-
lying integrable systems. It contributes to the broader field of mathematical
physics by establishing connections between these algebraic structures and
their applications in various dynamical systems.

Some Lie bialgebras, referred to as coboundary Lie bialgebras, are derived
from solutions of the classical Yang-Baxter equation on a Lie algebra. These
solutions are significant in the theory of integrable systems, establishing a
compelling link between integrable systems and Poisson-Lie groups [21, 22].
Moreover, we explore the interplay between coboundary Lie bialgebras and
Nijenhuis structures, revealing their significance as examples of NL bialge-
bras.

There are numerous studies in the literature that examine the interplay
between Nijenhuis structures and other mathematical frameworks, such as:
[2, 10, 14] 20} 23] .

The infinitesimal counterpart of PN groupoids are introduced in the
work by A. Das [4]. They are characterized by Lie bialgebroids with a linear
endomorphism, together with the linear Poisson structure on the dual Lie
algebroid, which form again a PN structure. However, our approach is not
primarily geometric; rather, we aim to explore the hierarchy of deformations
from a fundamentally algebraic perspective, starting with the cohomology
of Lie algebras.
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Our perspective on NL bialgebras also differs from the concept of Lie-
Nijenhuis bialgebroids introduced in [7], where the latter describes Lie bial-
gebroids with a generalized derivation of degree one providing an infinites-
imal explanation of PN groupoids. NL bialgebras, on the other hand, are
characterized within a distinct algebraic framework, focusing on 1-cocycles
in the cohomology of Lie algebras defined by deformed Lie brackets.

It is well-known that for a PN structure on a manifold M, the tangent
bundle TM equipped with the Lie algebroid bracket [-,-]y and the cotan-
gent bundle T*M equipped with the Lie algebroid bracket [-, |1 form a Lie
bialgebroid [13| [16]. In the theory of PN structures, the Nijenhuis structure
is considered on the tangent bundle of the ambient space where the PN
structure resides. In contrast, for NL bialgebras, the Nijenhuis structure is
defined directly on the Lie algebra itself. In our case, given an (almost) NL
bialgebra (g, [-,],0,n), one can apply the Kirillov-Kostant-Souriau (KKS)
Poisson bracket on g*. Consequently, the structure ((g, [, ]n), (6%, [ ]g*))
forms a Lie algebroid over a point.

We remark that the theory of deformations of Lie algebras, see ([8, [18]),
and of Nijenhuis deformations (N-deformations) of Lie algebras in our paper
are related, but distinct concepts. In fact, the brackets [,-],, which are
deformed by a linear operator n on g in our work, represent trivial infinites-
imal deformations in the context of the general theory of deformations of
Lie algebras. Specifically, we have

[517 62]75 = [&17 52] + t[£17 §2]n + (hlgher order terms), te R7

where [£1, {2]; defines a Lie algebra structure on g isomorphic to that defined
by [€1,&2]. Indeed, [-,:], is a coboundary, [-,:], = 0dn, in the Chevalley-
Eilenberg cochain complex with values in g, and thus it corresponds to a
zero cohomology class in H2(g, g). In Subsection we demonstrate that
the semi-simple real Lie algebra so(3) can be non-trivially N-deformed—
not in the general sense of deformation of the Lie algebras— into the Lie
algebra s[(2,R) using an almost Nijenhuis structure. We will maintain the
convention established by Kosmann-Schwarzbach and Magri, as noted in
their work [12], to refer to [-,-],—with a slight abuse of terminology—as a
deformed Lie bracket when n is (almost) Nijenhuis.

Our motivation arises from the importance of bi-Hamiltonian systems
within the context of Poisson-Lie groups. The infinitesimal counterpart of
a Poisson-Lie group is a Lie bialgebra. Conversely, the adjoint one-cocycle
associated with a Lie bialgebra induces a unique Poisson structure that
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is compatible with the group multiplication on a connected, simply con-
nected Lie group that integrates the Lie algebra. Consequently, a compatible
hierarchy of Lie bialgebras on a Lie algebra leads to a family of compati-
ble multiplicative Poisson structures on the corresponding Lie group. These
compatible Poisson structures are essential for constructing bi-Hamiltonian
systems, which, under certain conditions, are completely integrable [12].

Consequently, (weak) NL bialgebras play a significant role in the theory
of integrable systems. In particular, the structures arising from (weak) NL
bialgebras can be used to construct integrable models in classical mechan-
ics. The added flexibility provided by the Nijenhuis operator facilitates the
development of new integrable systems and solutions. Furthermore, they
generalize the concept of bi-Hamiltonian systems to a class where the alge-
braic structures are (weak) NL bialgebras.

The structure of this paper is as follows: Section [2| reviews definitions
and fundamental results on Poisson-Nijenhuis structures, Lie bialgebras,
and coboundary Lie bialgebras derived from solutions to the classical Yang-
Baxter equation. In Section [3| given a Lie bialgebra (g, [-,-],0) and a Nijen-
huis structure on the Lie algebra (g, [, -]), we introduce three types of defor-
mation for the corresponding 1-cocycle. Subsequently, we define almost NL
bialgebras and (weak) NL bialgebras (g, [,],d,n). Section 4| delves into
coboundary Lie bialgebras obtained from solutions of the classical Yang-
Baxter equation, with a focus on the role of the Nijenhuis operator. In Sec-
tion [o} we discuss the hierarchy of structures and present additional results
on NL bialgebras, which lead to a compatible hierarchy of Lie bialgebras.
We apply our findings to a well-known dynamical system, a particular case
of the Euler-top, demonstrating that the underlying algebraic structure of
50(3) Euler-top dynamics is a weak NL bialgebra. Finally, a concluding sec-
tion closes the paper.

2. Poisson-Nijenhuis structures and
(coboundary) Lie bialgebras

In this section, we will review fundamental definitions and results about

Poisson-Nijenhuis structures on manifolds, Lie bialgebras and solution of
the classical Yang-Baxter equation (for more details, see [11} [12]).

2.1. Poisson-Nijenhuis structures on Manifolds

A Poisson-Nijenhuis structure (IT, N) on a manifold M consists of
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e A Poisson structure on M, i.e. a bivector field IT on M for which
[IL,II] = 0,

where [, -] is the Schouten-Nijenhuis bracket. The Poisson structure II
induces a vector bundle map from the cotangent bundle T*M of M on
the tangent bundle TM of M, which we will denote by II* : T*M —
TM, given by

(o, TI*(B)) = (e, B), for a, B € TEM and z € M.

e A Nijenhuis structure on M, i.e. a (1,1)-tensor field N: TM — TM
whose Nijenhuis torsion [N, N] is zero. [N, N] is a (1, 2)-tensor field on
M which is defined as

[N,N](X,Y) = [NX,NY] — N[NX, Y] — N[X,NY] + N2[X, Y],
VX,Y € X(M).

satisfying two compatibility conditions
Nollf = I o !N,

(1)
C(H, N)(Oé, 5) = ﬁnua(tNﬁ) — EHuB(tNOé) + tNﬁnnﬁO& — tNﬁnuaﬂ
+ d{a,NII'8) + N'd (o, II*8) , «,B € Q' (M).
Here, 'N is the dual (1, 1)-tensor field to N and C(II, N) is the so-called the

concomitant of IT and N. The concomitant C'(II,N) is a (2, 1)-tensor field on
M.

An important fact is that with a Poisson-Nijenhuis structure (I, N) on
M one may produce a hierarchy of Poisson structures Il;, k € NU {0} (with
[Ty = II) which are compatible, that is,
[HlmHl] =0, fork,leN.
The Poisson structure Il in this hierarchy is characterized by the condition

I =NFoIlf, forkeN, k>1

Indeed, the pair (II, N*) is a Poisson-Nijenhuis structure on M.
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2.2. Lie bialgebras

Before defining a Lie bialgebra, it is essential to review some fundamental
concepts in the cohomology of Lie algebras.

Let (g,[,-]) be a finite dimensional Lie algebra over the field of real
number and consider a representation of g on a vector space V, i.e. an R-
bilinear map - : g x V — V such that

[€1,82] v =(&1-(§2-v)) — (§2-(§1-v)), forall §; € gand v € V.

The cohomology associated with this representation on the Lie algebra g is
defined as follows:
If k is an arbitrary nonnegative integer, the space C*(g, V) of k-cochains
of g with values on V is the set of skew-symmetric k-linear maps ¢ : g X
- X g — V. The 0-cochains are just the elements of V. The coboundary
operator 0 : C*(g,V) — C¥t1(g,V) of this cohomology is the linear map
given by

K
(Ock) (o, &) = Z(— D'+ k(60,0 Gin oonr )

(2) .
+ Z Z+]Ck gﬂfj] 607’ 7627' '7€j7""£k)’

4,7=0
1<j

where ¢y, is a k-cochain and &, ..., & € g. It is straightforward to prove that
0? = 0 and therefore (C*(g,V),d) forms a cohomology complex.
Two specific cases of this construction that we address in this paper are:

e The algebraic cohomology of a Lie algebra (g, [,]), which is defined
as the cohomology associated with the trivial representation of g on
R. In this case the 1-cochains correspond to the elements of g*. If d
is the differential for this cohomology, then, for all o € g* and &; € g,

da(&1,€2) = —a([&1, &)

e Let V := APg be the vector space of the skew-symmetric n-linear maps
on g*. We consider the extension ad®) : g x APg — APg of the adjoint
representation ad of g to the space APg. For all £ € g and n; € g*, it is
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defined by

adép)(P)(m,---mk) = [, PICm, - - mp)

:ZP(m,...,adzm,...np), P e NPg.
i=1

Here [-, -] is the algebraic Schouten-Nijenhuis bracket for the Lie alge-
bra (gv ['> ])

Definition 2.1. A k-cochain ¢ is called a k-cocycle if 96 = 0.

For instance, a 1-cochain ¢ : g — APg in the cohomology induced by the
representation ad® is a 1-cocycle if

(4)  06(&, &) = adg)(5§2) - adé‘;’)(éﬁl) —0[61,&] =0, V& eg.
Definition 2.2. A Lie bialgebra is a Lie algebra (g, [-,]), with an additional

linear map 6 : g — A%g such that:

(1) & is a 1-cocycle for the cohomology defined by the representation ad® :
g x N’g — A%g,

(ii) the dual map [-,-]g- := 8" : g* X g* —> g* of & is a Lie bracket on g*.
We will denote a Lie bialgebra by the triple (g, |-, ],0); however, we some-
times refer to it using the pair of Lie algebras (g, g").

Note that § is, up to a sign, the algebraic differential associated with the Lie
algebra (g*v ['7 ]Q*)

If (g,[-,]) is a Lie algebra and we have any Lie bracket [-,-]g- on g* then,
using , one can see (g, [-,],d) , where § = ([-,"]4-), is a Lie bialgebra if
and only if

[, m2lg- ([€1,62]) = [ad m1, m2lg- (§2) + [, adg, malg- (§2)
—[adg, 1, m2lg- (§1) — [, adg, mal g (§1),

for all (&1,&2,m,m2) € g X g X g* X g*, where ad”* : g x g* — g* is the coad-
joint action. Indeed, if § = ([, ]4-)", we deduce that

(6) 6([61, &) (msm2) = [1, m2] g+ ([1, E2))-
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Moreover, using , we have that
(7)
ade” (06;)(m, m2) = [6:, 061, m2) = [ad . melge (&) + I, adg g (€5).

Finally, from , @ and we conclude .

2.3. Coboundary Lie bialgebras

A coboundary Lie bialgebra is a specific type of Lie bialgebra character-
ized by the existence of a coboundary structure. Let (g, [,-]) be a finite-
dimensional Lie algebra over the field of real numbers.

Definition 2.3. A k-cochain 0, k > 1, of g with values on V', is called a k-
coboundary if there exists a (k — 1)-cochain r, such that 6 = Or. It is obvious
that any k-coboundary is a k-cocycle.

Definition 2.4. A Lie bialgebra (g, [-,-],0) is called coboundary if 1-cocycle
§ is the coboundary of an element r € A%g , i.e. § = Or, in the cohomology
induced by the representation ad®. We indicate a coboundary Lie bialgebra

by (97 ['7 ']7 67’)

Let 7 € A%g a 0-cochain on the cohomology defined by the representation
ad® of (g,[-,-]). The bilinear map r : g* x g* — R induces a linear map
rf . g* — g given by

r (m)(n2) = r(m,m2),

for n; € g*. For simplicity we denote the linear map r¥ by r.

In what follows, we will see the sufficient condition for d, to define a Lie
bracket on g*. Let r € A%g be an r-matrix for the Lie algebra (g, [-,]), i.e. a
solution of the classical Yang-Baxter equation

[[7“,7"]] =0,

for more detail see [I1]. Now, we consider the 1-cocycle &, = [-,7] : g — A%g
associated with r-matrix » on the cohomology defined by the representation
ad(2) of (g’ ['7 ]) by

(8) 6r(§)(n1,m2) = ml&, tna] — m2(€, Tm] -
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In fact, using the graded Jacobi identity of [-, ], we have

57“([61752]) = [[[51752]7T]] = ﬂ§17 [E%ﬂ]ﬂ - [[‘527 [[51,7"]]]]
= adg))6,(62) — adg) 5,(&)

for all & € g. Then, the corresponding bracket 4L =[], : g* x g* — g*
deduced from 4, on g* is given by

(9) (1, m2]r = adyy, e — ady,,m

equivalently,

(10) [, m2](€) = [€, 7] (m, m2) = ma([€; xm]) — m([§, tm2])

for all n; € g* and ¢ € g. The skew-symmetric bracket [-, ], = 6 : g* x g* —
g* on g* given by is a Lie bracket. Indeed, from and Proposition
we deduce that

[[0i> 51 el (€) = [m3, sl ([, Tw]) — e (1€, 23, m5]])
= ni([[&, T mw], tn5]) — 5 ([[€ o] oma] ) = ([€, [xma, T05]])

for all 4,4,k € {1,2,3} and £ € g. Now, using the Jacobi identity of the Lie
bracket [-, -], we deduce that [-, -], is a Lie bracket.

The following result characterizes the solutions of Yang-Baxter equations
in terms of the linear map r, for more detail see [L1].

Proposition 2.5. Let (g,[-,-]) be a Lie algebra and r an element of N?g.
Then, the following are equivalent:

1) r is a solution of the classical Yang-Bazter equations.

2) r([n,n2)r) = —[rm,xn2], for alln; € g*, where [-, -], is the bracket defi-
ned by (@

Proof. The condition [r,r] = 0 is equivalent with the relation

M ([rn2, n3]) — na([rn1, Tns]) + ns([rn, Tn2]) = 0,

for all n; € g*. On the other hand, using the anti-symmetric property of r

and , we have

n3(x[n1, n2lr) = =1, m2lr(xn3) = na([xn, tns]) — m([rne, Tns)).
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From the two previous relations, we deduce the proposition. O

Corollary 2.6. Let (g,[-,-]) be a Lie algebra and r € N*g a solution of
the classical Yang-Baxter equation. Then (g,]-,],0,) is a coboundary Lie

bialgebra, where &, = ([,-];)! and [-, -], is the bracket given by (10).

3. Deformation of Lie algebras and Lie bialgebras

In this section, we explore three types of deformation of the corresponding
1-cocycle associated with a Lie bialgebra (g, [-,],d), utilizing an (almost)
Nijenhuis structure on the Lie algebra (g,[-,-]). Under certain conditions,
these deformations yield new 1-cocycles.

3.1. One-cocycle on a deformed Lie algebra
Consider a Lie algebra (g, [-,-]) and suppose we have a linear operator n :

g — g on it. The linear map n defines a skew symmetric deformed bracket
on g by

(11) [51552]71 — [nglafﬂ + [51)”52] - n[€l7€2] &-Z S g,

and the Nijenhuis torsion of n with respect to the Lie bracket [-,-] is given
by

(12) [n, ] (&1, €2) = nl€1, &2)n — [n&1,nk2] &€ g.

The linear map n is almost Nijenhuis if [n, n] is a 2-cocyle, in the cohomology
complex induced by the adjoint representation of (g, [, -]), and it is Nijenhuis
if [n,n] = 0.

Proposition 3.1. Let (g,[,‘]) be a Lie algebra andn : g — g a linear oper-
ator on g. Then, n is almost Nijenhuis if and only if |-,-]n is a Lie bracket.
In such a case [-,] and [+, -], are compatible Lie brackets, i.e. [-,-] + [, |n is
a new Lie bracket.
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Proof. Using , and the Jacobi identity, after a straightforward com-
putation, we obtain

In,n](&, &2, &) = (&1, [n, n] (&2, &)] — (€2, [, n] (&1, &3))]
+ (&3 [n, n] (&1, &2)] — [, ] ([61, €2], €3)
+ [, ] ([€1, &3], §2) — [n, n]([€2, &3] &)
= Hfla 52]71 ) gB]n + Hf?n gl]n ) 52]n + [[527 53]n agl]nv

for all & € g, where O denotes the differential induced by the adjoint rep-
resentation of the Lie bracket [-,-]. If n is an almost Nijenhuis operator

then using that [-,-], and [, -] satisfy the Jacobi identity for (&1,&2,£3),
(71451752,53), (517“52753) and (617527”53)7 we deduce that ['7 ] + ['a ]TL is a
Lie bracket. U

Remark 3.2. Note that the Nijenhuis torsion measures the failure of the
linear map n to define a Lie algebra homomorphismn : (g, [, ]n) — (g, [, ])-

We denote the adjoint representation of the Lie algebra (g, [-,],) by ad™ :
g x g — g. It is defined by

(13) ad’g = [adg,n] + adng, ey,

where [adg¢, n] = ad¢n — nade. For the simplicity we denote this commutator
by

(14) ad, = [adg, n] .

The coadjoint representation of the deformed Lie bracket [-, -],, is then defined
by

(15) (adg)” = ['n,ad] +adye, E€q,
where
(16) ady := [‘n, adg] = tnadg - adztn.

Definition 3.3. A linear operator n on the Lie algebra g and the adjoint
representation of g are compatible if C(n,ad) = 0, where

C(n,ad)(&1,&2) = [[ad&vn]v [adfzvnﬂ + [adn[fl {2]772]

(17) ~ [ade,, [adne, 1] — [[adne, 0], ad,]
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It is easy to see C'(n,ad) = 0 if and only if [, ],, is a Lie bracket on g. When
n is a Nijenhuis operator, the deformed bracket is a Lie bracket and ad™ is
a representation of the Lie algebra (g, [+, ],) and so C(n,ad) = 0.

We will adopt the following notation:
For any linear map ® : g — g, we denote its transpose map by ¢ :={® :
g* — g*. We then define the operator ¢4 : AFg — AFg, by

(18) (toP) (115 - i) = Zp(m,---,@f?(m)y---ﬂlk%

for all n; € g* and P € AFg.

Lemma 3.4. The assignment ® — 14 defines an anti-automorphism: gl(g)—
al(AFg), that is

(]‘9) L[¢17¢2] = 7[L¢17L¢2} .
Proof. The proof is straightforward by using

L¢1¢2P(7]17---7]k;) = L¢2L¢1P(’f]1,.. 77k:)
(20) - Z P(Tll?"'7¢1ni7---a¢277j,...,’l7k),

i,j=1,i#j

O

Now, let (g, [, -], d) be a Lie bialgebra and n a Nijenhuis operator on (g, [, ]).
We consider ¢ as a cochain in the deformed cohomology, the cohomology
induced by (ad™)® on the Lie algebra (g, [-,],). In this context, to denote
the specific cohomology being considered, we write 6" : g — A%g. By defini-
tion, 0" is a 1-cocycle in the deformed cohomology if and only if 96" = 0,
ie.

86”(517 52) = L[tn,adzl](s(gQ) - L[‘n,ad22]5(§1)

21
2 + ad® 5(e5) — ad 6(61)  bl6s, o — 0.

In this case, 6" defines a new Lie bialgebra (g, [+, :]n,0"). Note that § and 0"
satisfy the same defining conditions, even though for different Lie algebras.



NL bialgebras 1419

3.2. Deformation of a one-cocycle on a Lie algebra:
almost NL bialgebras

Let (g, [, ], 0) be a Lie bialgebra and n : g — g an (almost) Nijenhuis opera-
tor on (g, [,]). If ‘n : g* — g* is an (almost) Nijenhuis structure on g* then
we have a new Lie bracket on the dual Lie algebra g* defined by

(22) [, m2)™ = [, malgs + [, el g — i, ma)g-, for all m; € g*.

Therefore, we have a new pair of Lie algebras ((g,[-,-]), (8% [-,]")). The
goal is to look for the condition that this defines again a Lie bialgebra. We
denote d:,, the deformed 1-cocycle by 'n associated with this Lie bialgebra.
Note that for the sake of simplicity, we use the notation [-, -]t" instead of

[T g.

Proposition 3.5. Let (g,[-,:]),d) be a Lie bialgebra and n : g — g (respec-
tively, 'n : g* — g*) an (almost) Nijenhuis operator on the Lie algebra (g, [-,-])

(respectively, (g*, [, ]4-)). The pair ((g,[-,"]), (8% [-,-]™)) forms a Lie bialge-
bra if and only if 11, o d* —d* on : g — A?g is a 1-cocycle for the cohomology
induced by representation ad® : g x A2g — A2g of (g,[,°]), where d* is the
algebraic differential induced by the Lie bracket [-,-]q~.

Proof. First, using Proposition (g, [, ]n) and (g*, [-,-]™) are Lie algebras.
Since d*§(n1,7m2) = [n1,m2]g+ () for all £ € g and 7; € g7,

(23) ([ ™" 1) = [, 1] ™ (€) = 14 (7€) (1, m2) — A () (1, 72)

where 61, = ([-,-]™)t. Therefore, 6., is a l-cocycle if and only if ¢, o d* —
d*on : g — A2gis a 1-cocycle for the cohomology induced by ad®of (g,[-,])-
Il

The following Corollary gives the relation between the deformed 1-cocycle
iy, for the bialgebra (g, [-, ], 0+, ) and 1-cocycle ¢ for the bialgebra (g, [+, ], d).

Corollary 3.6. Let (g,[-,:],0,n) be as in Proposition then

(24) dip =tpd —don.

Corollary 3.7. For a 1-cocycle 6 and an (almost) Nijenhuis structure n
on g, we have

(25) L@*ﬁé = L[t,madz](s = ad?)uné - Ltnad?)é.
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Proof. By . for the adjoint representation adg on the Lie algebra (g, [+, -]),
ad( ) — = lad; ; and then by we conclude U

Proposition 3.8. Let (g,[,],d) be a Lie bialgebra, and letn : g — g be an
(almost) Nijenhuis operator on (g, [-,-]). Then iy, is a 1-cocycle if and only
if § is a 1-cocycle in the the deformed cohomology defined by [, |,

Proof. By definition, é¢, is a 1-cocycle if and only if d6¢, = 0, where by

D0un (€1, 62) = ad(Q)un 3(&2) — adY b (£1) — adL)8(ns)
+ ad '6(n&r) — Sin([61,2))

On the other hand, by and since 0 is a 1-cocycle

(26)

den([§1,62]) = Ltnad 6(&2) — Ltnad 6(&1) — 0(nlé1,&2)) -
Then, using , we get

O0en(£1,82) = tftnadz, 10(§2) — tn,adz,)6(E1) — adéf)é(nfa)

27
(27) +ad)d(ngr) + d(nfér, &)

Finally, by substituting

— ad (nfz) —+ ad (nﬁl)
—0[&1,n&] — adng 5(&1) — dnér, &) +ad'2 6(&) |

and in we get and hence
06, =0 < 00" =0.
O

Definition 3.9. Let (g,[,],0) be a Lie bialgebra and n be an (almost)
Nijenhuis operator on the Lie algebra (g,[,-]). We say (g,][,],d,n) is an
almost NL bialgebra if

(i) d is also a 1-cocycle in the deformed cohomology, i.e. 9™ =0

(i) C(*n,ad*) =0 where ad* : g* x g* — g* is the adjoint representation

of (8% [+ ]g+)-
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The condition (i) shows that (g,[-,]n,d) is a Lie bialgebra. Furthermore,
according to the Proposition the deformation d:,, of § by ‘n is also a
1-cocycle, i.e. 6+, = 0. The condition (ii) implies [-, ] is a Lie bracket on
g* and so (g, [, ], d¢,,) is also a Lie bialgebra.

3.3. Double deformation: (weak) NL bialgebras

Let (g, [, ],0,n) be an almost NL bialgebra. We can deform the 1-cocycle §”
by means of 'n, or take &+, on the deformed cohomology defined by n. The
result is the same, a double deformed 1-cochain 67, : g — A%g by means of
(n,'n) in the deformed cohomology induced by (ad™)® : g x A2g — A%g on
the Lie algebra (g, [, |n), see the diagram below.

n d: ((97 [])(g*ﬂ[v]ﬂ*)) n
5 (@ [ ) (07 [ ) b+ (9. L) (@ ™)

tn > n

5 (0 [ )s (g [ )

Figure 1. Pairs of Lie algebras arising from deformations.

In the following, we discuss the conditions under which the double defor-
med 1-cochain 0", constitutes a 1-cocycle in the deformed cohomology. This
analysis will ultimately lead us to the formulation of (weak) NL bialgebras.

Lemma 3.10. For a Nijenhuis operator n, and a linear map & : g — A2g
on (gu [" D; we have

(28) adye = ady o tn.

Proof. Since n is a Nijenhuis operator, the commutator of endomorphism
[adne, n] = n[adg, n] on g holds and so ['n, ad};¢] = ['n, adf] o 'n on g*. Hence,

we derive . O

Theorem 3.11. Let (g,[,],d,n) be an almost NL bialgebra. The double
deformed 1-cochain 6%, is a 1-cocycle in the deformed cohomology induced

by (ad™)® : g x A2g — A2g on the Lie algebra (g, [-,-],) if and only if

(29)  tenoad; 6(€2) — tinoady, 0(81) = tady 6(n€2) — tady 6(né1).
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Proof. By definition, 67, is a 1-cocycle if

(30) (ad, )P bun(2) — (ad’g,)Pden(&1) = dinlér, o]
For the left hand side of , by , and 00 = 0, we get
gy e (00(6) — taay (ad(E0)) + ad(? 10 0(€2) — adY, 1nd (&)

— tady 0(1n&2) + tady, 6(né1) — 6[n&1, &)

For the right hand side of , by , and 00" = 0, we get

tn(Lady, 5(52)) — vin(tady 6(61)) + Lfnad 0(&2)
— Ltnad (n‘fl) — d[n&1,néa .

By , we have
(33)

Utn,ady,10(62) (M1, 7m2) = —[bem, L@;M(&)(mmz), Vé&,&2€9,mmeg

Finally, by substituting (31f) and ( in and then using and ( .
we get .

Definition 3.12. An almost NL bialgebra (g,[-,-],0,n) is a weak NL bial-
gebra if (@) is satisfied.

Definition 3.13. Let (g,[,],d) be a Lie bialgebra and let n be a Nijenhuis
structure on the Lie algebra (g,[-,-]). We define the concomitant C(d,n)
as a (2,1)-tensor field on g and we interpret the expression in (@) as the
condition for the vanishing of this tensor field.

(32)

Comment 3.14. By (¥)), the concomitant C(6,n) can be written as

C(6,n)(m,m2)([€1,&2)) = ['nad m, malg- (€2) + [m, “nadf nalg- (&2)
— ['nad,m, malg- (£1) — [771, "nad’ nolg- (&1)
— 'nlad} m,m2]g- (E2) — ‘nlm, adf n2lg- (€2)
+ 'nfad,m, nolg- (61) + ‘nlm, ad, mol g+ (1) -

When the concomitant vanishes, we say that n is ad(2)—equivariant. If we
have

[tadz, ['n, 0] (m, m2))(&2) — [taaz, ['n, 0] (1, m2)](€2) =
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then C'(8,n) = 0 is equivalent to
adg 0, (&2) (1, m2)— O = (&) ((nny, adf m2) + (adg, m, ') — O
where by O we mean the permutation of & and & .

Definition 3.15. Let n:g — g be a Nijenhuis operator on a Lie algebra
(g,[,°]) and (g,[,-],9) be a Lie bialgebra. A tuple (g,[-,-],0,n) is an NL
bialgebra if satisfies the following conditions

(1) 90" =0
(2) [tn,'n] =0
(3) C(0,n) =0

We remark that for a weak NL bialgebra the condition ['n,‘n] =0 is
reduced to C(‘n,ad*) = 0, equivalently reduced to d['n,n] = 0 with respect
to the cohomology induced by the adjoint representation of the Lie algebra

(g*v ['a ]9*)

4. Solutions of the classical Yang-Baxter equation:
coboundary NL bialgebras

In this section, we establish fundamental results concerning coboundary Lie
bialgebras, focusing on the conditions under which a coboundary Lie bial-
gebra, in conjunction with a Nijenhuis operator, can be used to construct
an NL bialgebra.

Suppose that we have a solution of the classical Yang-Baxter equation
r € A%2g and a linear map n : g — g. Then one may take the bilinear map
nr:g* x g* — R defined by the linear map (nr)*: g* — g such that nr :=
(nr)f =nor.

Proposition 4.1. Let r € A%g be a solution of the classical Yang-Bazter
equation of the Lie algebra (g,[-,-]) and n: g — g be a linear map such that

(i) nor=roln,
(ii) C(r,n)(m,n2) = ady,,m —ady, n2 =0, Vn; € g".
Here C(r,n) is the concomitant of r and n, i.e. the skew-symmetric bilinear

map C(r,n) : g* x g* — g* which is given by

(34) C(T, n)(7717 772) = [tn7 ad:‘m]UQ - [tna ad;m]ﬁl :
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Then nr € N%g is a solution of the classical Yang-Baxter equation on g if
and only if

[n,n](xni,rn2) =0, forall n; €g*.

Proof. The condition (i) implies the bilinear map nr is skew symmetric.
By @, we see that the condition (i7) implies

tn
r oo

[7717 7]2]717“ = [7717 7]2]

where [+, -], is the bracket on g* defined by

[, m2nr (€) = 1€ nr] (1, m2)
and
(35)  [p,mel,” = ['om,male + [, ol = nlm, malr, Vi €97
Now, from Proposition [2.5] it is sufficient to prove
(36) nr[ny, melne = —[nrny, nrne] + [n, n](xn, rn2).
In fact, using the conditions (i) and (i7), we have
nx[n1, nelny = nr(['nng, nele + 1, "nnele — o1, melr)

and then using Proposition [2.5| and condition (i),

nxnn, tlr = —nlnzi, ] = nlen, nen] + 0, we).
Finally is deduced since

[n, n](xm, tn2) = [nrm, nrne] + n?[rny, o] — ninrny, Tne] — nlrm, nrno) .

0

Corollary 4.2. If r € A’g is a non-degenerate solution of the classical
Yang-Bazter equation and n : g — g is a linear map such thatnor =ro'n
and C(r,n) =0, then nr € A%g is a solution of the classical Yang-Bazter

equation on g if and only if n is Nijenhuis.
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Lemma 4.3. The concomitant in terms of the adjoint representation
ad™ on the Lie algebra (g, [, ]n) reads

(37)

[C(r,n)(n1,m2)](€) = [(adg)*m — "nadfm](rn2) — [(ad})* e — ‘nadfna](xm) .

Proof. Applying £ on the concomitant , we get

[C(r,n)(m,m2)](€) = (adg,,"'nm)(€) — (adg,,m)(ng)
— (ady,, 'nm2) (€) — (ady,,m2)(n€) .

Using <adzln,§2> =— <ad2277,§1>, it turns

(38)
[C(r,n) (1, m2)](€) = [adg'nm — adyem](xn2) — [adg'nne — adyen2](xm),
and so by , we conclude . O

Remark 4.4. Using <ad2177,§2> = —(n,ad¢, &), turns to

[C(r,n) (1, m2)1(§) = m([§, nrme] — [§, tn2)n) — n2([§, nrm] — [§,1m]n) ,

and (@ turns to
(39)
[C(r,n)(m,m2)](§) = m(n[€, Tn2] — [n&, tna]) — m2(n[§, xm] — [n€, Tm]).

Proposition 4.5. Let r € A’g be a solution of the classical Yang-Bazter
equation on the Lie algebra (g,[-,-]) and (g, [, ], 0,) the coboundary Lie bial-
gebra defined by r. If n: g — g is a Nijenhuis operator on (g,[-,-]), then
under the assumptions of the Proposition[{.1, n defines an almost NL bial-

gebra (g, [, ], 0r,n).

Proof. We need to prove first, [-, ], is a Lie bracket and second, d, is a 1-
cocycle in the deformed cohomology by n, i.e. 94 = 0. The first is fulfilled
since by Cor. nr € A?g is an r-matrix on (g, [-,]), i.e.

t

nr 1, Nelnr = nrny, n2)," = nlrn, el = [nTn, nrng) .

Therefore, the deformation of the 1-cocycle 6, by n, 5;” = &pr, is & 1-cocycle
and so (g, [, ‘], Onr) is a coboundary Lie bialgebra. According to the Proposi-
tion[3.8] 4, is also a 1-cocycle in the deformed cohomology. Thus (g, [, ], 67)
is also a Lie bialgebra but not necessarily coboundary. O
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Comment 4.6. In the above Proposition, one can also observe that
(g, [+ ]n, 0F) is a Lie bialgebra, as demonstrated by direct computation on

(40) 6, ([€1, &eln) (1, m2) = [, m2lr (&1, &2l -
Actually by plugging (@, (@, @ and in (@) and using for

[C(r,n)(adg m1,m2)](§2) = [C(r,n)(m, adg, n2)](€2) =
[C(r,n)(adg,n1,m2)](&1) = [C(r,n)(m, adg,n2)](§1) =0,

one gets (@)

Corollary 4.7. Under the assumptions of Proposition the relation
between 1-cocycles 6, and Oy, is given by the following expression

(41)  0nr(©) (1, m2) = 6:(&) (nmr,m2) + 6-(€) (1, 'nm2) — 6,-(n€) (1, m2) -

Proof. Indeed,

6,(§)("nmy, m2) + 6,(€) (m1, “nma) — 6,(né) (1, m2)
= [&, 7]y, m2) + 1€, 71, 'nnz) — [n€, v (1, m2)
= ‘n (€, tn2]) — ma2([€, TP nm]) + m (€, £'nna))
— "o ([, Tm] — m([n€, rna]) + na([né, rm] .

t

Using nor =r o ‘n, we obtain

6,:(€)("nm1, m2) + 6,(€) (m1, 'nnz) — 6, (n€) (11, m2)
= m[§, nrna] — n2([§; nrm] + m(nl€, tn2] — [n€, Tn2])
+m2([n; rm] — nl€, tm]) -

Using , we deduce that

m(n[, 2] — [ng, rn2]) + m2([ng, rm] — nl¢, rm]) = 0,

and hence . O

Now, suppose that r,7 € A%g are two r-matrices, and that r is non-
degenerate, meaning that the map r: g" — g is an isomorphism. We can
then consider the linear map n : g — g defined by

n=ror! =— r =nor=roln.
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Proposition 4.8. Suppose that r and v’ satisfy classical Yang-Baxter equa-
tions, i.e. [r,r] =0, [r',r'] = 0, and that r is non-degenerate. If r and v’ are
compatible, i.e. [r',7] = 0, then the linear map n =1’ or~! is a Nijenhuis
operator on g .

Proof. We will show the following relation

(42) n([n.n] (&, &) = =2, r] (‘e ™1, r716),

for all n € g* and & € g. It will prove the Proposition. Indeed, since [r,r] =
0, and by applying equation and Proposition we can deduce that

n([néi,n&)) = [£7',r )" ('n)
= r'(fr'n ' (r7'&)]) — r (e, (e 1E)])
= ' ([r'n, &) — v ([r'n, &)

On the other hand, using that [r,r] = [r/,7'] = 0, again and Proposition
2.5 we have

n(n?[6,&]) = nl&,&)('nn) = [r1&, r 6] (' (‘nn))
r ([ ('), &2]) — r ([ ("en), &1]) -

Finally,

2[r', r](("nm), x =11, v 6o)
=" nn([n&1, &) + 'nn([&1, néa)) + v~ & ([r ", &1])
+r7 6 ([En, né)) + o (née, ') + r (€2, 1)) -

From , we conclude . 0

Under the conditions of Proposition the 1-cocycles 6, and ¢, associated
with the coboundary Lie bialgebroids (g, [-,],d,) and (g, [, ], d,/), respec-
tively, are related as follows:

First, by definition

6 (&) (1, m2) = [€, 71 (1, m2) = m([€, £'n2]) — ma([€,x'm])
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for all £ € g and 11,72 € g*. On the other hand,

6,(&)("nmy, m2) + 6,(€) (m, ') — 6,(n&) (11, m2)
= [&, 71, m2) + [€, 71, 'nz) — [0, r] (1, m2)
= "np ([€, o)) — ma([€, x'nm]) + mu (€, T'nma]) — “nna([€, Tm]))
— m([n€, na]) + na2([n€, Tm] .

Using ¥’ = nor =ro'n, it reads

6-(€) ("1, m2) + 6,(€) (' nm2) — 60(n&) (1, m2)
=ml&,r'na] — na([€, t'm] + m(n[€, tna] — [n€, tm2])
+ n2([n€, Tm] — n[&, rm]) .

Using the following equalities

[[Tlar]] (nla 772,1'_15) = [T, T‘]] (tnnl’,’,m?r—lg) = [[7", T]] (7717t nmn2, r_lg) = 07

we deduce that

m(n[€, rne] — [n€, tna]) + na([n€, xm| — n[&,rm]) = 0.

Note that the latter equality is just the concomitant . Therefore,

6 (§)(m,m2) = 5r(€)(tm71, 172) + 5r(§)(7717t nnz) — 6 (n&) (1, n2)-

Corollary 4.9. Letr and 1’ be elements of A%g, both serving as r-matrices
on the Lie algebra (g, [-,-]), where r is non-degenerate. The coboundary Lie
bialgebra (g, [-, -], 0,) defined by r, together with the linear map n :=r' or—1,

defines an almost NL bialgebra (g, [, -], dr,n).

Note that in the next section, we will demonstrate that coboundary almost
NL bialgebras are, in fact, coboundary NL bialgebras.

5. The hierarchy of structures on an NL bialgebra

Given an NL bialgebra (g, [, -], d,n), in this section we show that, in a certain
condition, one can derive a hierarchy of Lie bialgebras which are pairwise
compatible in the sense of Proposition3.1} any linear combination of the
corresponding Lie brackets defines a new Lie bracket. To achieve this, we
will discuss the following hierarchies utilizing an (almost) Nijenhuis operator:
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e The hierarchy of deformed (Lie) brackets on a Lie algebra,
e The hierarchy of adjoint representations of deformed Lie brackets,

e The hierarchy of deformed 1-cochains of the 1-cocycle §, encompassing
all three types of deformation.

5.1. The hierarchy of deformed brackets and adjoint
representations on a Lie algebra

Given a Nijenhuis operator n : g — g on a Lie algebra (g, [-,]) (and corre-
spondingly, ‘n : g* — g* on its dual (g*, [, ]4-)), there exist a hierarchy of
deformed Lie brackets on both g and g* which are compatible in pairs [12].
This leads to a hierarchy of adjoint representations on g for the iterated Lie
brackets.

Note that, throughout this section, for the sake of simplicity, we denote
the deformed brackets on (g,[-,]) iterated by any power nt, for (i > 1) as
[-,-]; and the corresponding deformed brackets on g* iterated by (‘n) as

[.’ ]2

Definition 5.1. ([12]) Suppose n be a Nijenhuis operator on (g, [, -]). The
Nijenhuis torsion of n with respect to the deformed Lie bracket [-,-]; is given

by
[n,nli(&1, &) = [, n]i—1(né1, &2) + [n, n]i—1(&1,né2) — nn, nli—1(&1,&2) -

Remark 5.2. ([12]) If [n,n] = 0, then for every integer i:

e The vanishing of Nijenhuis torsion of n is preserved in a hierarchy,
i.e. [n,n]; =0.

e The Nijenhuis torsion of n* with respect to the Lie algebra structure
(g,[,-]i) vanishes, i.e. [n* n*]; = 0.

More generally, we have:

Remark 5.3. ([12], Lemma 5.1) Let [n,n] = 0 and ['n,*n] = 0. For each
integer k = 0, and for each integer i = 0, &1,& € g and n1,m2 € g*,
n'é, &k = [n'€1,n'E),

43
- (), = [(n)im, ()] "
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When n is a Nijenhuis operator, we obtain the following recurrence relation
among the deformed brackets:

(44) €1, 6ol = [n'€1, 8] + [€1,0'E] — n'[&1, &)
= [0, &ln 4 [61, 0" 0 — 0T €L, Sl

and
(45) | | | |
) = (), malge + [, (tn)malee — ()7 nn, il
()Y, o] ™ -+ [0, ()~ )™ — ()= [y, o] ™

For instance, in the case ¢ = 1 and k£ = 1, we have

(&1, &)n2 = [n%&1, &) + [€1,n%&) — n?[&1, &)
= [n&1, &aln + [§1,n&2ln — n[&1, 2l -

Remark 5.4. Ifn is an almost Nijenhuis structure on a Lie algebra (g, [-,]),
there is mo obvious recurrence relation between deformed brackets, i.e.

(46)

€1, &aln = 061, &) + [&1,n'&] — n'[&1, &)
# [0, &ln + (€, o — 0 &L, &
)™ = [("n)ne, el + [, (") el — ("n)7 [, ma]*

# (") 1 ma] ™ + [, ()T ma] ™ — (fn)? ] ™

Note that we can consider a linear map n* : g — g as a g-valued 1-form on
the Lie algebra g. The coboundary of this operator with respect to the initial
Lie bracket is then given by:

on*(€1,&) = [€1, &l nr -

Corollary 5.5. The Nijenhuis torsion

[nF,n*] (61, &) = nF[&1, & — [n7&, "),

can be expressed in terms of the Nijenhuis torsion of previous orders, with
respect to the initial Lie bracket [-,-], as follows

[n*, nF(&1, &) = nF n,n][(n* 16, &) + (&, nF1&)]
+ an—l) nk_l]] (n§17 n§2) + n2 [[nk_l ) nk_l]] (Ela 52)
2

—n? [[nk* ,nk*Q]](ngl, n&a) .
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For example, when k = 2, the relation reads:
[[TL2, nQ]] (61’ 62) = TL[[TL, ’I’L]] [(ngla 52) + (61’ né?)]
+ [n, nl(n&1, n&2) +n[n, nf(&1, &) -

Definition 5.6. The Nijenhuis concomitant [n*,n?] ([T7],[20]) of two Nijen-
huis operators n and n' on a Lie algebra (g, [-,-]) is defined by
[n,n'](&1,&) = [n&,n'&] + [n'&,né] — n[n'&, L] — n'[néy, &
- n[é-l) 7'1,/52] - n,[gl) 7'1/52] +no n/[é-la 52] + n' o n[gl) €2] )

for every pair of basis elements £1,&2 of g .

Comment 5.7. Two Nijenhuis structures are considered compatible if their
Nijenhuis concomitant vanishes. When [n,n] = 0, there exists a compatible
hierarchy of Nijenhuis structures n* for all k > 1. Consequently, the relation
[ni,n?] = 0 holds for any integers i, j.

Using Remark we deduce the following.

Corollary 5.8. Suppose n is a Nijenhuis operator on a Lie algebra (g, [-,-]).
We have the following hierarchy of Lie brackets and hierarchy of adjoint
representations adgl cg—g,i=20and €g:

(ga ['a ]) > ad€
(g, In) 2 ad? = [ad& n} + adpe
(ga [') }nz) ~ ad?2 = [adg, ’I’l] + adzé

i—1

e R
For example for ¢ = 2

ad?2 = [[adg, n],n] + 2[adye, n] + adp2e
(adg")* = ['n,['n,adf]] + 2['n, ad}] + adys -

Using ad,c = noad, (see Lemma 3.10)), it can be rewritten as

ad? = [ade, )+ fadng, 1] + adyec,
(ad?z)* = tn[tn, adZ} + [tna ad;g] + a‘d;klzf :
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Remark 5.9. For a Nijenhuis operator n on a Lie algebra (g,[-,]), from
equation , adg”l can be expressed in terms of adg for any integer i as
follows:

(47) ady’ = [adg,n' "] +adl i .
Remark 5.10. If [n,n] =0 and ['n,'n] = 0, then for any i, j

Cn',ad™)=0 & C((*n)?,(ad™)*)=0.

5.2. The hierarchy of deformed one-cochains on a Lie algebra

Now, we consider the hierarchy of deformed 1-cochains in the cohomology
defined by ad® : g x A2g — A2g on the Lie algebra (g,[-,°]). The defor-
mation of a 1-cocycle § by means of (*n)* is represented by a linear map
Sk 1 g — A%g, given by:

(48) Sy () = Ly 0(E) — 6(n"€) for k€N,

Lemma 5.11. The hierarchy of iterated deformed 1-cochains @ by means
of (tn)*, is given by

(49) 5(fn)k(f) = Ltn5(tn)k—1 (f) - (5(1n)k—1(nf) .
Proof. Using 20| we get

Sy () (1, 1m2) = 1y 8(€) (m1,m2) — 8(n*E) (1, 712)
= tin(Lins-10(8)) (11, m2)

= 3(&) | (e, "0t + (nF Ay, )
— 3(n*) (. m2)

(50)

Now, by plugging tepe-18()(m1,72) = denr—1(€) (11, 72) + 6(n* =€) (11, 772) in
the above equality, and then using ['n*~1,‘n*~1] = 0 and ['n, n]r— =0,

we arrive at . |

In the following, we present results concerning the interplay between, the
adjoint representation of the Lie algebra (g, [-,:]), the 1-cocycle §, and the

Nijenhuis structures n* on g, for all k > 1.
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Proposition 5.12. For a Nijenhuis operator n on the Lie algebra (g, [, -]),
we have:

(51) adiee = adjo ('n)*, VeEeg,

Proof. From the equation [n,n](n*~1¢, &) = 0, we can deduce that ad, e =
nad,x-1¢ on g. Consequently, we have @:ﬁg =ad’. . o ‘n on g*. By apply-
ing this process iteratively, we ultimately arrive at . O
Proposition 5.13. Let (g,[,],d,n) be an NL bialgebra. Then

(52)  [tay, 00°€) = tinoady, 5] (1) — © = 0,

where by O we mean the permutation of & and & .

Proof. Since ['n,'n] = 0, we have

[taaz, ['n, 0] (1, m2)] (0" 162) — O =0,

and thus
[taas, 6(n*62) = tennar, S(n*1&2) | (mme) — ©
= 5(n* &) [('nmy, adf m2) + (adf, m1, ') |
— tadz 6 (071 E2) (M, m2) — O
Since C(6,n) = 0, hence (52). O

Proposition 5.14. Let (g,[,],0,n) be an NL bialgebra. The deformation
of the 1-cocycle § by (*n)* is a 1-cocycle if and only if § is also a 1-cocycle
in the deformed cohomology defined by the deformed Lie bracket [-,-],x .

Proof. By definition and using , , , , we have

06 (615 52) = L[tnk,adgl]6(§2) - L[tnk,adEZ]é(Sl) - Ladglé(nkfg)
+ Lad225(nk§1) +(n"[€1,&)) -

On the other hand

O™ (€1, &) = Lent ad, 10(82) = tnr adz,10(81)
+tadr,, (&) = tadr, 0(€1) +0([€1, Eolr) -
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Now, using the fact that 95(n*&;, &) = 06(€1,nFE) = 0 we obtain:

Qe =0 = 95" =0

5.3. The hierarchy of Lie bialgebras on an NL bialgebra

Given an NL bialgebra, we will demonstrate that, under certain conditions, it
is possible to generate a compatible hierarchy of Lie bialgebras. By a compat-
ible hierarchy of Lie bialgebras, we refer to Lie bialgebras (g, [+, ]ni >5Zn) ),
which represent the three types of deformations of 1-cocycles. The maps
(5(3171),- are 1-coycles in the cohomology induced by (ad™)® : g x AZg — A2g

of the Lie algebra (g, [ *]ni) - We denote 521 )i as the deformed 1-cocycle by
means of (n’, (*n)?).

(AN ESRCAR S (@[, (8%, [ 0

" (0., 1, (0" 1007 .

Figure 2. The diagram illustrates all the deformations under consideration.
The left-hand column displays the pairs of Lie algebras corresponding to
the iterated 1-cocycles 6" in the deformed cohomology defined on the Lie
algebras (g, [, ]+ ). The right-hand column shows the pairs of Lie algebras
corresponding to 1-cocycles deformed by means of (*n)*. The central column
represents the double deformations. The double-headed arrows indicate that
one side forms a Lie bialgebra if and only if the other side does. Note that
i={1,k—1}.
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In the subsequent discussion, we will examine the conditions on NL
bialgebras under which they produce a hierarchy of Lie bialgebras.

Corollary 5.15. Let (g, ], ],d,n) be an almost NL bialgebra for which the
operator n' is ad*-equivariant on the Lie algebra (g*,[-,]g-), where ad* :
g* x g — g* is the corresponding adjoint representation. That is,

(53) 5(5)(7717 tn772) = 5(”5)(771, 772)7 V§ €g, mM,N2€ g* .

Then the following are equivalent:

e The operator 'n is ad*-equivariant in the Lie algebra (g*,[-,-] ™). That
18

bnirads Om(§2)(M1,m2) — O = tipr—2aq; 6en(n&1) (M1, m2) — O .
o For each k, tn¥ is ad(Q)—equiva,m'ant. That is,
tnradz 8(62)(m,m2) — O = taar 8(n*&)(m,m) — O .
Note that an almost NL bialgebra (g, [+, |, 6, n) for which ‘n is ad*-equivariant,
is an NL bialgebra.

The following corollaries are immediate results for NL bialgebras that
lead to the theorem establishing a hierarchy of Lie bialgebras.

Corollary 5.16. Let (g,[-,],0,n) be an NL bialgebra. For each integer k,
the concomitant C(5,n")

(54)

C(6,n") (1, 12) ([61: €2]) = tenraaz, 0(€2) (01,02) — taay, 6(n"E2)(m, 1) — O,

vanishes if and only if n® is an ad*-equivariant operator on the Lie algebra

(0% [ Jg+)-

Combining the results of Corollaries|5.15and [5.16} we deduce that C(, n*) =
0 if and only if C(8:y,, n*~1) = 0. In general:

Corollary 5.17. For an NL bialgebra (g,[-,-],0,n), we have

Dy =0 <= 9" =0 = 85(%)JEO, i+j=k.
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Theorem 5.18. Let (g,[,],d,n) be an NL bialgebra, and let *n be an ad*-
equivariant operator on the Lie algebra (g%, [-,]g+). Then there exists a com-
patible hierarchy of Lie bialgebras given by (g, [, ]ni, (5(@7’”)) for all integers
i.j>0.

Proof. The deformed 1-cochains 6y 1 g — A%g by means of (‘n)?, are 1-
cocycles in the cohomology induced by the representation ad® : g x N2g —
A2g of the Lie algebra (g, [, -]) if and only if (™" = 1., 0 A" — d(")* ™" o
n are 1-cocycles. The relation between the deformed cochains in the hierar-
chy is given by

8(enys (€)(1,112) = Senys— (€) (‘mpr, m2) + ey () (1, )
— 6(tn)j—1 (nf)(m, 772) )

for all n; € g and & € g. To prove the theorem, we will show the following
fork=i+7,k>2:

1) n* is a Nijenhuis tensor with respect to [, ],-1 .
2) C(5,n* 1) =0.

3) Lty 0 A’ — g’ o g — A%g is a 1-cocycle for the adjoint rep-
resentation of (g.[-, |ni) -

(1) It is a consequences of (43). (2) The vanishing of the concomitant is
preserved by the hierarchy, as implied by the Corollary
(3) Suppose that 96" = 36" " = 0. Using , we have

(ad?b)* = [tni_l,idz] + [tni_l, ad;;g] + @:Li—lg + ad;1§ .
Now, we will substitute the coadjoint representation mentioned above and
61, &alnr = [N, Eolpr—r + 6[&1, néalnr-1 — 0[n&1, nalnr—2

in 95" [€1, &) = L(ad?f)*d(gg) - L(adg;)ﬁ(fl) — 0[&1, &2]pr. Using Propositions

and (2), we get 86" = 0. Finally by Proposition we arrive
at (2).

O

Another class of NL bialgebras are those for which the operatorn : g — g
is ad-equivariant, i.e.

noad¢ =adeon, VEeg.
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Corollary 5.19. Let(g,[,],d,n) be an almost NL bialgebra and letn : g —
g be an ad-equivariant operator. If the Nijenhuis torsion of the transpose
map 'n:g* — g* vanishes, then (g,[,],0,n) forms an NL bialgebra that
generates a hierarchy of Lie bialgebras.

Proof. If n is ad-equivariant, then adg =0 for all £ € g. Consequently,
C(6,n) =0 and C(6,n%) = 0 as well. O

Example 5.20. Let g be the direct sum of two copies of the solvable Lie
algebra of dimension 2. The nonzero Lie brackets are given by

(X1, Xo] = Xo, [X3,X4] =X4.
The linear map
0(X1) =0, §6(X2)=2X1NXse, 6X3)=X3ANXy, 0(X4)=0,
is a 1-cocycle on g and [, -]4- := &' defines a Lie bracket on g* by
(XY X% =2X% (X3 XY, = X5,
The following operator
n(X1) = X1, n(Xs)=Xo, n(X3)=0, n(Xy)=0

is Nijenhuis on g and one can see that (g,[,:],0,n) forms an almost NL
bialgebra .

Since n is ad-equivariant, C(6,n¥) = 0. Furthermore, ['n,!n] =0. Conse-
quently, NL bialgebra (g, [-,],0,n) generates a hierarchy of Lie bialgebras.

In what follows, we show that coboundary almost NL bialgebras are exam-
ples of NL bialgebras.

Corollary 5.21. Let r € A%g be a solution of the classical Yang-Baxter
equation of the Lie algebra g and n:g— g be a Nijenhuis operator such
that

(i) nor=ro tn
(i) C(r,n)(m,n2) = ady,,m —ady, n2 =0, Vn; € g*.

Then, (g,[,:],0r,n) is a coboundary NL bialgebra and it generates a
hierarchy of bialgebras.
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Proof. The proof is consequence of the fact that if the pair (r,n) satisfies
the compatibility conditions (i) and (ii) then ry = n*r, for all k € N, are
solutions of the classical Yang—Baxter equation on g [20]. Moreover, by (1)

we have [-,]." = [, ]nr = [, -], where the latter is defined by

(1, mely = (ady,, ) n2 — (ady,, ) m.

Using this, one can verify that r : (g% [, ]"") — (g, [, ]») is a Lie algebra
morphism, and hence r is an r-matrix on the deformed Lie algebra as well.
Note that, by and using a straightforward computation and the skew-
symmetric property of r-matrix r, we have the following relation between

the concomitant of C(6,,n) and the concomitant of C(r,n)

C(6r,n)(m,m2)([61,&2]) = C(r,n)(adg, m1,m2)(§2) — C(r, 1) (1, ade, n2)(€2)
— C(r,n)(adg,m, n2) (&) + C(r,n)(m, adg, m2) (&) -

On the other hand, if we replace r by n*r in , and then using the fact that
ad .. = adg o'n®, we get C(n*r,n)(n,m2) = S0y C(r,n)(m1,m2) . It shows
that the vanishing of concomitant is preserved throughout the hierarchy.
Moreover, using C(nr,n) = 0, we obtain ‘n[ni,n2],” = [‘nn1, *nns], which
shows the transpose map ‘n is a Nijenhuis operator on (g*, [+, -],). All of the
above shows that (g, [, ], 0;,n) forms a couboundary NL bialgebra and gen-
erates a compatible hierarchy of coboundary Lie bialgebras (g, [, ‘]n, 67,
for all integers i,j > 0.

[l

Example 5.22. Consider a Lie algebra on R* whose Lie bracket is char-
acterized by

(X1, X4 = X1, [X3,X4] =Xo.

There is a Nijenhuis structure n on (g, [-,-]) given by

n(X1) = X1, n(X2) = X1+ Xo,
n(Xg) = X7 + Xjg, n(X4) = X9 — X3+ Xy,

which defines the deformed Lie bracket

(X1, Xaln = X1, [Xo, Xuln=X1, [X3, Xul]n = Xo.
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Note that n is not ad-equivariant as n[Xs, X4] # [X3,nX4|. There is an
r-matriz r € A’g on g

r=XoANXg— X1 NXy.

Thus (g, [-,],0r) defined by r is a Lie bialgebra, and the non-zero brackets
are

X X%, =-x3, [XY XY, =Xx
The dual map 'n is defined by

tn(Xl):X1+X2+X3 t ( ) X2+X4
tn(X?)) _ X3 _ X4, (X4) X4
One can see that nor =ro'n, and [-,-]," = [-,]nr and so C(r,n) = 0.
Thus, nr is also an r-matriz, reads as nt = — X1 A Xo+ X7 AN X3 — X7 A
X4+ Xo A X3. It defines the Lie bracket
XL X = —X2, (XL X =X (XL XY, = X

) )

The dual map 'n is a Nijenhuis structure on the dual Lie algebra (g*,[-,];),
and according to the Proposition (g,[-,],0r,n) is a coboundary NL
bialgebra and it generates a hierarchy of Lie bialgebras. Note that the dual
map ‘n is not ad*-equivariant as 'n[X"', X3], # [ X', 'nX3],.

5.4. Weak NL bialgebra on Euler-top system

In the case of weak NL bialgebras, the existence of a hierarchy of iterated
Lie brackets, 1-cocycles, and subsequently, Lie bialgebras, is not guaran-
teed. In the following, we illustrate this situation using a weak NL bialgebra
that serves as the underlying algebraic structure of a well-known dynamical
system.

We consider a three dimensional Lie bialgebra, with the commutators

(X1, Xo] = — X2, [X1,X3] = —X3, [Xo,X3]=0,[]

[X17X2]9* = _X3 [X17X3]9* :X27 [X27X3]9* = _X17 E

the corresponding 1-cocycle is

)

5(X1) = —Xo A X3, 5(X2) = X1 N X3, (5(X3) =-Xi1 N Xo.

Y(g,[-,]) is the book Lie algebra.
2(g*, [+, -]g+) is the Lie algebra so(3).
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The non-zeros coadjoint representation on the dual Lie algebra g* of the Lie
algebra (g, [-,-]) are

adf, X? = X?,  ady, X° = X7,
ady, X = —X', ady, X’ =-X".

There is a Nijenhuis operator n : g — g characterized by
n(X1) = X3, n(X) =Xy n(X3)=-X;—Xo+ Xs.
which defines a deformed Lie bracket
(X1, X3]p = —X1, [Xo, X3]p, = —Xo.

One can see that the 1-cocycle § is also a 1-cocycle (denoted by ") in the
deformed cohomology induced by (ad™)?), on the Lie algebra (g, [-,],). It
defines a new Lie bialgebra with pair ((g, [-,]n), (8%, [, -]g«)). The non-zero
elements of the coadjoint representation on the dual Lie algebra g* of the
Lie algebra (g, [,]n) are as follows:

(ad’k,)* X! = X3, (ad’k,)* X% = X3,
(ad’,)* X! = —X1, (ad’,)* X? = —X2.

The transpose map 'n: g — g where ‘n(X!') = —X3, In(X?) = X2 - X3,
in(X3) = X' + X3, defines a Lie bracket on g* by

t

XL xm =X [xXLxYm=Xx3 (X2 X% = —2xt

Therefore, by definition, (g, [-,],d,n), to this point, is an almost NL bial-
gebra. This structure serves as the underlying algebraic framework for a
well-known dynamical system, particular case of the so(3) Euler-top [T}, 9],

r, = l‘% — :U%,
(55) .%:2 = $1(2$3 — .1‘2)
.%:3 = 1’1(21?3 — 2{1?2) .

This system is bi-Hamiltonian[]] with respect to linear Poisson structures

{$17$2} = —I3, {wlami’)} = T2, {ZEQ,ZL‘?,} = —,

{z1, 22} tn, = —22, {z1,23}e9, = 3, {x9, x3}ty, = —211.

3(g*,[,]'™) is the Lie algebra s[(2,R).
4A dynamical system is a Poisson bi-Hamiltonian if there exist two compatible
Poisson structures whose Hamiltonian vector fields coincide.
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These Linear Poisson structures {-, -} and {-, - }+,, correspond to the Lie alge-
bras [-,]g- and [, -] ™.
By Proposition the deformation of 1-cocycle § by means of in given by

5tn(X1) = —2Xs A X3, (Sl‘n(XQ) =—-X1 AN Xo, (5tn(X3) =X1 ANX3,

is also a 1l-cocycle in the cohomology defined by the initial Lie algebra.
Here n is not a Nijenhuis operator on g* but the Nijenhuis torsion ['n, 'n]
is a 2-cocycle in the cohomology induced by the adjoint representation of
(g,[,-]). Theretofore, we have a new Lie bialgebra ((g,[-,-]), (g% [,-]™)),
where [-,-]™ := §in(+,+). One can see that n is ad®-equivariant, that is
C(,n) =0, where

ad’y X' = X3, adi,X'=0, adi,X'=-X!,
ad, X2 =0, ad%, X?=X'+X3 adiy X?=-X
ad’y, X° = X', ad%, X?=0, ad% X®=X'+X°.

Or equivalently, according to the Theorem [3.11} one can check ¢, is a 1-
cocycle in the deformed cohomology induced by (ad")@) g X A’g — A%gon
the Lie algebra (g, [, ]n). This establishes (g,[-,-],d,n) as a weak NL bial-
gebra. Therefore, there is no guarantee for having a hierarchy of deformed
Lie bialgebras by means of (n;, (‘n)’). However, since C(§,n) = 0, it implies
that the double deformation 4!, is also 1-cocycle. This allows us to con-
struct a new Lie bialgebra ((g, [, ]n), (8%, [-,]'")). Furthermore, according
to Corollary Sz and 6™ are also 1-cocycles.

Note that the recursive relations and do not hold for the deformed
Lie brackets; however, the deformed bracket

X, X2 = —2x?, (X', X3 = X' —2x? 4 2X3,
[XQ,X3]t"2 — _2xl _ X2,

defined by

tHQ(Xl):—Xl—XS, th(XQ):—X1+X2—2X3,
th(X?)) :Xl,
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is a Lie bracket on g*. The deformed 1-cochain

6tn2(X1) = X1 ANX3—-2X9A X3,
6tn2(X2) = =2X1 AN Xo—2X] N X3— X2 A X3,
5tn2(X3) = 2Xj1 AN X3,

is a 1-cocycle with respect to the adjoint representation of the Lie bracket

['7 ] Then the pairs ((ga ['7 ']n2)7 (g*v ['7 ])) and ((ga ['7 ])7 (9*7 ['7 ']%2)) are also
Lie bialgebras.

6. Concluding remarks

In this paper we applied the theory of Poisson-Nijenhuis structures to Lie
bialgebras. By examining the roles of Nijenhuis operators and the classi-
cal Yang-Baxter equation, we uncovered new insights into the hierarchical
structures of Lie bialgebras. A Lie bialgebra (g, g*) equipped with a Nijenhuis
structure n on g that satisfies specific compatibility conditions is termed a
(weak) NL bialgebra. We have meticulously investigated the necessary condi-
tions for establishing a compatible hierarchy of Lie bialgebras. NL bialgebras
provide profound insights into the underlying algebraic frameworks of cer-
tain dynamical systems. We illustrated this concept using a particular case
of Euler-top system, demonstrating how its underlying algebraic structure
constitutes a weak NL bialgebra.

The significance and utility of (weak) NL bialgebras can be observed in the
following contexts:

6.1. NL bialgebras and Poisson Lie groups

There is a one-to-one correspondence between Lie bialgebras on a Lie algebra
g and Poisson-Lie groups on the corresponding connected simply-connected
Lie group G. Recall that Poisson-Lie groups are Lie groups equipped with a
multiplicative Poisson structure i.e. the multiplication is a Poisson epimor-
phism. If (g,g*) is a Lie bialgebra and G is the corresponding connected
simply-connected Lie group with Lie algebra g, then G admits a multiplica-
tive Poisson structure I such that [-,-]* = (d.I1)!, where d I : g — A%g is
the linear map defined by d.II(§) = (L¢II)(e), ¢ being a vector field on G
such that £(e) = & (see [24], [5]). Conversely, an adjoint 1-cocycle § : g — A2g
whose dual map satisfies the Jacobi identity induces a unique multiplicative
Poisson structure on a connected simply-connected Lie group G integrated
the Lie algebra g.
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Building on the previous discussion, investigating the global object whose
infinitesimal counterpart is a (weak) NL bialgebra presents an intriguing
problem. Ongoing research in this area aims to address these questions.

6.2. NL bialgebras and quantum groups

The quantization of Lie bialgebras into Hopf algebras is a key process in
constructing quantum groups. Reshetikhin established that every finite-
dimensional Lie bialgebra (g, g*) over a field K of characteristic zero admits
a quantization [19], (see also [3][6]). This means there exists a corresponding
h-deformation Uy (g) of its universal enveloping algebra U(g). The quanti-
zation process can be described using the Baker-Campbell-Hausdorff series
H(&1,&2) for the Lie algebra g,

H(&1,6) =6 +&+ %[51,52] + %[51, (€1, &)] — %[52, [€1,82]] + -+

Nijenhuis structures, particularly (weak) NL bialgebras, can provide valu-
able insights into the algebraic properties of quantum groups. The deformed
Lie bialgebras that emerge in the hierarchy serve as infinitesimal structures
that describe quantum groups. For instance, when n is ad-equivariant, the
Baker-Campbell-Hausdorff series H,, for the Lie algebra (g, [-,],) simpli-
fies to Hp(&1,&2) = H(né1,&2). This observation can be used to describe
the h-deformation of an N-deformation on g, and its relationship with the
h-deformation of the Lie bialgebra itself.
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